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ABSTRACT 'Y Iy
Starting from the zero-forcing constraints, some condgio F,
to be satisfied in order to admit an interference alignment N7 L,
(IA) solution for any K -user frequency-flat MIMO interfer- ' d,
ence channel are derived. Our conditions allow for anadytic Ly 1y
evaluation of the existence of IA solutions (or lack thejeof
for a givenK -user MIMO interference channel and degree of F,
freedom allocation. We discuss interference alignmenkdua N7 Ly
ity and the optimality of linear minimum mean squared error 4
(LMMSE) interference reduction at the receiver for useerat
maximization. Motivated by this, we suggest an algorithm
for distributed interference alignment in a time divisiom-d
plex (TDD) setting.
1 1
1. INTRODUCTION 5 >
The recent paper on interference alignment [1] (IA) that Fu
demonstrated the acheivability of a capacity prelog facfor Nt >

a,

K/2 in a K-user interference channel has resulted in a re-
newed interest in joint linear processing at transmittekran
ceiver with the aim of maximizing the capacity prelog (other
wise known as the degrees of freedom (DoF)) of a multiuser
MIMO interference channel. IA exploits the availability of
channel state information at the transmitter (CSIT) to com-
pute appropriate beamforming matrices to be applied at each
transmitter such that, at each receiver, all the interfeges  \hereH,, ¢ CN+*M: represents the channel matrix be-
confined within a subspace of dimension complementary t@yeen thd-th transmitter and-th receiverx;, is theCMxx1

the receiver’s desired signal subspace dimension. Thus, si transmit signal vector corresponding to th¢h transmitter,

ple zero-forcing (ZF) receivers are enough to separate th@e CN+*! vectorn, represents the additive white Gaussian
desired signal from the interferers. While it is known that i noise with zero mean and covariance maﬁ%C Each en-
terference alignment s the optimal (in the high SNR regimejry of the channel matrix is a complex random variable drawn
scheme among approaches that use linear transmit/receifm a continuous distribution without any deterministe r
processing and treat interference as Gaussian noise, the @xtion between channel coefficients. We assume that each
istence of solutions in many cases is not known in generatransmitter has complete knowledge of the channel matrices
In this paper we focus on one of these cases, namely, theyrresponding to its direct link and all the other cros&sin

Figure 1: MIMO Interference Channel

frequency-flat MIMO interference channel. This limited set of assumptions is made only in the context
of ZF interference alignment and in deriving the existence
2. SYSTEM MODEL conditions in Sec. 3. It must be pointed out that all transmit

ters need to know all the channel matrices, transmitter powe

Fig. 1 depicts theK-user l\_/IIMO interference _channel With constraints and the receiver noise variances for sum rate (r
K transmitter-receiver pairs. Theth transmitter and the  gign) considerations.

k-th receiver are equipped with/;, and N; antennas re- Denoting theC M+ % heamforming matrix of thé-th trans-
spectively. Thek-th transmitter generates interference at alljtter asGy, the transmitted signal vectag, is given by
l # k receivers. Assgvminlg the_communication channel o, — G.st, where thel, x 1 vectors represénts the trans-
be frequency-flat, th&€™»*" received signay,, at thek-th  mitted symbols andy, the number of independent streams
receiver, can be represented as transmitted to its receiver. We assuspeto have a Gaussian
« distribution with zero mean and unit variangé(0, I 4, ). At
the k-th receiverF, € C%*Nx is applied to suppress in-
Vi =Huwxi + 3 Hix + i (1) terference and retrieve thi desired streams. Applying the
f;,ﬁ interference suppressing filtéy, to y,, we obtain the follow-



ing d, x 1 vectorry, ry, IS maximized when the interference contribution of each
interferer spans an independent subspace. Which leads us to

K
r. = FrHuuGrs, + ZFk:Hk:lGlsl + Fpny, @) the upperbound;, < Z{;#k d;. However, accounting for
= the inequality in (5) we have
I#£k
Tk = min(dy., Ng) — di (7)
3. EXISTENCE CONDITIONS FOR
INTERFERENCE ALIGNMENT SOLUTIONS whered,., — Zszl de. Plugging this is in (6), the total

The objective of IA is to design aligning matrices to be ap-number of constraints now become

plied at the transmitters such that, the interference chloge

all transmitters at each non-intended receiver lie in a comm (Ny + dy, — min(d,,., Ni))(d,,, — min(d,.., Nx)) (8)
interference subspace. Moreover, the interference subspace

and thedesired signal subspace of each receiver should be |n order to obtain the number of variables and constraints fo
non-overlapping. If alignment is complete, simple zer@for the complete system, we sum up the results obtained above
ing (ZF) can be applied to suppress the interference and efor each transmit-receive pair. Furthermore, since a mwiut
tract the desired signal.Since interference alignment is a for the interference alignment problem will exist only ikth
condition for joint transmit-receive linear zero forcinge  total number of variables are greater than or equal to tia tot

need to consider the ZF conditions: number of constraints that need to be satisfied in the prgblem
FiHuG =0 Vi#k @3) Wehave
rank(FrHpeGr) = di Yk € {1,2,...,K} (4) K x
Finally, the traditional single user MIMO constraidi < de(Mk —di) > de [d... — Ni], 9)
min (M, Ni) also needs to be satisfied iy streams to be k=1 =1

able to pass over link.
We now wish to translate the above equations into a se¥herefz], = max(0,z). o
of conditions that need to be satisfied for a givERuser Remark: In most practical system#,, > Ny, in which
interference channel where each user pair hastransmit ~ ¢ase, thed,.,, — Ni], on the RHS of (9) reduces @,,, —
and N, receive antennas si, interference-free streams are k). Assuming that the number of receiving antennas is not
available for communication for theth user pair. greater than the total number of transmitted streaims,>
The purpose of the beamformer matf®, is to align Ny, the total number of constraints in (8) becomes:
the transmit signal of the:-th user to the interference
subspace at all # k users while ensuring the rank of di(dsor — Ni) (10)

the equivalent channel matrik;HyGr is di.  This ) ) )
implies that the beamforming matrix is determined upThe above equation only dictates the total number of transmi

to an arbitraryd, x d; square matrix. Since&s, has and receive antennas that should be available in the system
dimensionsM; x dj, the total number of variables in the and does not convey any information in terms of the actual

beamforming matrix is reduced th (M, — dy,). Atreceiver  distribution of antennas among users. Therefore, addition
k the interference due to all othédiX — 1) transmitters conditions arising from combinations of transmit and reeei

. K oulkl antennas and the number of streams need to be considered
are grouped into dNy x 35,0, di) matrix Hyvr =0 b e cide if an interference alignment solutiorsei
HiaGay oo Hie Gy Hi Gy -+ Hicre G for the givenK -user MIMO system. We do this by consider-

Ephat spanls the inlterferen%g subspace aktt‘rer%ci:ae_iver._ ing the following pairwise condition that takes into accbun
e total signal-space dimension at receiens given  ia jnterference at receivirdue to transmitter. It is known

by the total number of receive antenna§ of which d. ¢ his interference must lie in a subspace of proper dimen
interference-free signaling dimensions are to be reserveg,, given by

for the signal from thek-th transmitter. This is achieved
when the interference from all other transmitters lies in

X . ! . =7 < Nj, — dg,
an independent subspace whose dimension can be at most rank(HuGr) =ri = 1 < Ny —d - (11)

Ny — dy. Trllus the dimension of the subspace spanned by, generalry € {[di — [Mi — Nil,],,...,di}. The rank
the matrixH /.- must satisfy is zero wherG; is perfectly aligned to the orthogonal com-

K oy B plement of the space spanned Hy; (which amounts to
rank(Hrvr) =1 < Ni — di (5)  transmitter suppressing all interference to receiigand is
In order to satisfy this condition, we impose the following equal tod; when none of streams from thé¢h transmitter are
constraints o] aligned to the orthogonal complement. Denoting(by; )
the number of streams aligned to the orthogonal complement

K of Hy;, we havery, = d; — ax; whereay,; satisfies the con-
(Nk — Tk)(z dy — %) (6) ditions: 0 < ay; < [Ml — N'k]Jr ande:hk# ap < dj.
f;i Sincel-th transmitter should align its streams at /alk~ !

receivers the condition (11) must be satisfied for all the re-
1We say alignment is complete when there is no interferenggepin ceivers. So

the desired signal subspace. However, it is possible thatopshe signal )

lies in the interference space. Indeed, in such cases, thecgiver discards

the part of the signal in the interference subspace. [di +di — Nilp <oy < [M;— Ni], VE#L  (12)




Finally, since the total number of streams that transmitter 4.1 Identical Stream and Antenna Configuration (ISAC)

can alihgn_must bl_e bounded above by the ranépive im-  ~qnqider ax-user interference channel where each user
pose the inequality pair has identical antenna configurations. Furthermore, it

K is required that user pairs have demanded the same num-
Z[dl +dy — Ny, < dy (13) ber of interference free signaling dimensions. Simply put:
— - My = M, N, = N,d;, =d Vk. We call such a system an
k#l identical stream and antenna configuration (ISAC) system.

For such a system, the conditions (14) through (17) take con-

We now have the set of conditions that need to be Satéiderably simpler forms and can be expressed as

isfied for a given MIMO interference channel wifki users

andM,,, N, antennas to transmij, interference free streams (M —d) > [Kd-NJ, (20)

which we enumerate here [2d - N], < [M —NJ; (21)
K K d > (K-1)2d—-NJ. 22)
Z dp(My —di) > Z di[dior — Ni)s (14) d < min(N, M) (23)
k=1 k=1

’ B . In the course of the work reported in this paper, the authors
i+ = Ny, < [Mi—Nelo Ve#L - (15) oo across independent work in [3] where such a system is
K referred to as a symmetric case and denotedyN, d) .

d > Z[dz +di, — Ni], VI (16)  Indeed, forK > N, the conditions in (20) through (23) co-
k=1 incide with the results [3]. However their conditions do not
kel address thé( = 2 case. We show this with an example of a

dp < min(Nyg, Mg) Vk (17) 2 user ISAC system withi/ = N = 3,d = 2. For this case,

the conditions derived in [3] suggest that= 2 is feasible
. . which is not true since the maximum DoF in the 2 user case
3.1 Alignment Duality with M antennas at each node is known to be a maximum
There are another set of conditions that need to be consideref M [4]. The conditions derived in this paper address this
in order to complete the existence conditions. These condand show that indeed = 2 is infeasible. In addition, for the
tions arise from the equations asymmetric cases (non ISAC cases) our conditions are more
explicit and restrictive.

4.2 Interference Alignment For Real Signals

rank(FyHuGr) = di Vk € {1,2,...,K} (19)  The key observation we make in this section is that by using
which corresponds to the interference alignment conmerrainreaI S|g_na_l constellations in place of complex consteira_il

f the dual problem where all transmitters and receivertransmlss'on over a complex channel of any given dimen-
of the dual proble ~ oo~ Zjon can be interpreted as transmission over a real chafinel o
exchange roles. In other words, whép = G;',Gr =  double the original dimension (by treating the in-phase and
Fi',Hi, = Hj, in (3) and (4). The dual problem of an inter- quadrature components as separate channels). This dgublin
ference channel is again an interference channel, in@lvinof dimensions provide additional flexibility in achieviniget
the reciprocal channel. For the ZF case (interference -aligrnotal DoF available in the network. We show this with a sim-
ment) the conditions (18)-(19) for the dual problem are obple example of & user ISAC MIMO interference channel
tained immediately by simply taking the transpose of (3)-(4 where each transmitter and receiver has the same number of
for the original problem [2]. If the ZF filters are replaced by antennas. i.e/ = N = 3. From the results of the ear-
MMSE receive filters that are the optimal interference supfier section, we can show that the maximum interference-fre
pressing filters (c.f Sec. 5) we conjecture a sum-rate dualitstreams available per-user obelys. 1.5. Since the concept
for the K'-user MIMO interference channel for an appropri- of transmittingd.5 streams does not make any practical sense
ate choice of receiver noise covariance matrices and tiéansnany interference alignment solution that exists for thistem
power constraints. This duality for the centralized apploa allows reception of a maximum afinterference-free stream
is the motivation for the distributed TDD algorithm propdse per user. However, if the complex channel is considered to
in Sec. 5. In this section we focus on interference alignmente composed of two real channels and if the transmitters and
duality and hence restrict ourselves to a ZF design. As a dreceivers use real signal constellations, the dimensions i
rect consequence of interference alignment duality, fonan volved in the above problem are doubled and hence allows
terference alignment solution to exist, the conditionsl#){  for a finer adjustment af;,

FiHGr =0 Vk #1 (18)

(16) should also be satisfied when thg, and Ny, are inter- Representing theM;, x 2N}, real MIMO channel as
changed. - [ Re(H] _Im{H) ]
4. INTERFERENCE ALIGNMENT: SPECIFIC Im{H} Re{H}

SCENARIOS and usingx to represent the N, x 1 real signal vector, the

In the previous section, we derived the conditions that mugieceived signal at the-th receiver in equation (1) can now
be satisfied to admit an interference alignment solution i€ expressed as

the most general case without any assumption on the sys-

tem parameters. In this section we look at some interesting Vi = Heeke +
special cases and their implications on the interferenga-al

ment conditions (14)-(17).

M=
o>

kX + Ay (24)

T
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In our example, each user is now capable of transmitting 5. ITERATIVE ALGORITHM FOR
real streams thereby exploiting fully all the available-pser INTERFERENCE ALIGNMENT

DoF. The sum rate duality for the centralized approach conjec-

tured in Sec. 3.1 motivates us to propose a distributed al-
) o ) ) gorithm in the TDD setting. We start with a brief discus-
For a fixed distribution ofl;, among thekK -users in the in-  sjon on the optimality of linear minimum mean squared error
terference channel, (14) dictates the total number of frang| MMSE) interference suppressors (in terms of maximizing
mit and receive antennas in the system. However, there eXym-rate in low and intermediate SNR regimes and maximiz-
ists a certain amount of flexibility in distributing these-an ing achievable DoF in the high SNR regime) given the linear
tennas among the transmitters and the receivers provieed theamforming filters applied at the transmitters. In general
new distribution)/, and N, does not violate the conditions an interference alignment solution consists of beamfosmer
in (15) through (17). In this section we describe two particu applied at the transmitters that confine all the interfeeenc
lar cases where all the interference suppression is handled components in théV,, dimensional received signg, to an
one side of the communication link. interference subspace of dimensions at m¥gt— d;, and

Let the K -users each transmif, streams. Apart frord;,  interference suppressors applied at the receivers in coder
antennas, all the antennas can be moved to the other sideajtract the interference-free streams (represented byethe

4.3 Linear Interference Suppression at One Side

the transmission link. torry) from the received signal where
4.3.1 Complete Interference Suppression at the Receiver _ .
If M, — d, antennas are moved from the transmitter to the Y = HieXp + Vi = HipGi8y + Vi (29)

receiver, the total number of antennas in each link remains K Y forth linterf
the same while we now havkl, = d; transmit antennas 'k = 2i—1;1 HiiXi +Ni accounts for the total interference
andN,; — Ny + (M — dy) receive antennas. and noise contribution iy, andR,, represents its covari-

In such a system any kind of processing at the transmitt onrcaelIr?ca\}\;g(biangfghfhrs%ﬁ:jveeig iil%?g:a??g g?;ssfr;iggctur
is ruled out. Thus the beamforming matrix reduces to th P P

identity matrix. i.e.Gx — lu,. Interference suppression is ions. Thg mutual information at each receiver can now be
now completely handled at the receiver using a zero forcin§Xpresse as
interference suppressor. For theh receiver we have I = logdet(l +R;'HGQG"H") (30)
FkalGl =0 = Fkal =0 WVl 7& k (25) . i . i .
whereQ is the covariance matrix of the transmitted signal.
such that - n As a consequence of applying an LMMSE interference sup-
Fr =Pqg,, Hex (26)  pressing filteF = QG"H (R,,, + HGQG"H")~' toy, the
N . N mutual information at the output of the filter can be exprdsse
where PHM is the orthogonal complement of ¢
the column space spanned by the matiik, = .
[Hkla...ka(k 1)7Hk(k+1)7~..7HkK] S (CNI::XZZ#-, d; Iovimse = 10gdet(| + (FR““F )_1FHGQ(FHG)H) (31)

that in turn contains all channel matrices corresponding tow, it is possible to show that the LHS of (31) is exactly
the cross-links at receivér( Hyy represents the interference the same as the LHS of (30). Which implies that, for a
subspace spanned at theh receiver). given linear beamforming filter applied at the transmitter,
1 _ H —1yH the LMMSE interference-suppressing filter applied at the re
PH.. = 'v His (H e Hie) ™ Hie (27) " ceiver under the assumption that all interfering signals ca
) ) be treated as Gaussian noise does not lose any information
4.3.2 Complete Interference Suppression at the Transmitter  of the desired signal in the process of reducing Medi-
Alternatively, consider the situation where the transanitt mensionaly to adj, dimensional vector. In other words
completely suppresses all interference. We now mbye- the linear MMSE interference suppressor filter is informa-
dy, antennas from the receiver to the transmitter to obtain the,, |ossless [5]. This together with the duality relatibips
following new distribution of antennasi/;, = M + (N, = between interference alignment on a given channel and its
di) andN, = d. corresponding dual channel for the basis of our conjecture
In this case the matrix representing the receive filter reduc that the optimal transmit filter is the MMSE interference-sup
to an identity matrix €, = 14,) and the beamformer matrix pressing filter for a dual interference channel consistihg o
satisfies the conditions reciprocal channel matrices and certain transmit and noise
. _ covariance matrices. We note however that a related ap-
FrHuG =0 =HuG =0 Vi#k (28) proach of per-stream MMSE processing in [6] and also in
The solution to this problem is similar to that of complete in the max-SINR algorithm proposed in [2] that treatsdhe- 1
terference suppression at the receiver. The interferarnme s streams of each user as part of interference result in usnece

space spanned at theh receiver is described by the matrix sary constraints being imposed and thus lead to sub-optimal
1, solutions.

HLI = [Hf{, ) Hﬁl)p Hglﬂ)lg SR Hg[] € (Cju_l Xz_k#l iik' L.

Hence the beamforming matrix at théh transmitter is given 5.1 Distributed TDD approach

by the orthogonal complement of the subspace spanned e describe here a sub-optimal distributed approach to
the matrixH;: find the transmit and receive filters for the case of a TDD

G —PL HH system assuming that each receiver has accurate knowledge
! Hy of the channel matrix corresponding to its direct link and



the associated interference plus noise covariance matriilndeed, the iterative algorithm is not able to find an interfe
We consider akK-user MIMO interference channel with ence alignment solution as was expected.

arbitrary transmit and receive antenna configuration and

a degree of freedom distribution such that an interference 7. CONCLUDING REMARKS

alignment solution exists.

The sketch of the algorithm is as follows:

Sep 1: Compute the optimum MMSE interference suppress
ing filtersF,, for at each receiver for a fixed (initial) set of
beamforming matrice&, and the associated transmit signa
covariances), .

We provide conditions to be satisfied for interference align
ment solutions to exist for a giveK -user frequency-flat
MIMO interference channel. These conditions are used to
janalytically evaluate the existence of interference afignt
solutions thereby circumventing the need for numerical sim
Sep 2: Use the MMSE filters computed in the previous Stepulat|ons. We provide numerical examples where we compare

as beamformers in the dual interference channel along witf€ results of applying these conditions against an iteati
an appropriate, . algorithm proposed in [7] that experimentally checks fa th

Sep 3. Compute the MMSE filters at each receiver in theexistence of 1A solutions. We conjecture a sum-rate duality

dual link and apply this as the beamforming matrix for the[0f this inteference channel and propose an iterative algo-
original link (again taking into account the associa@dfor ~ 'thm to find the sum-rate maximizing

this link).
Step: 4 Iterate betweerBtep 2: and Sep 3: till the beam- 8. ACKNOWLEDGMENT
forming matrices converge. EURECOM's research is partially supported by its indus-

) ) ) ) _ trial members: BMW Group Research & Technology, Swiss-
The following choices exist foQ, matrices. Since the com, Cisco, ORANGE, SFR, Sharp, ST Ericsson, Thales,

F. of the original (dual) link is used to compu®, for the  Symantec, Monaco Telecom and by the French ANR project
dual (original) link. The normalized columns &f" are be APOGEE.

used to formG, andQ, = (P./d,)l,, . Alternatively,Q, The research of EURECOM and Infineon Technologies
might be determined by waterfilling (as in the case of singléFrance is also supported in part by the EU FP7 Future and
user MIMO with colored noise at the receiver). Emerging Technologies (FET) project CROWN.
6. NUMERICAL EXAMPLES
. . . . . REFERENCES

In this section we provide some numerical examples to vali-
date the conditions derived in the paper. [1] V.R. Cadambe and S.A. Jafar, “Interference alignment

Example 1: Consider &-user ISAC MIMO system with and degrees of freedom of the K-user interference chan-

M = 2,N = 4,d = 2. Using the conditions for an ISAC nel,” Information Theory, |EEE Transactionson, vol. 54,
system in Sec. 4.1, it can be verified that all the conditions no. 8, pp. 3425-3441, Aug. 2008.

are satisfied which implies that each receiver can indeed S€8] K. Gomadam, V.R. Cadambe, and S.A. Jafar, “Ap-

2 interference free signaling dimensions. proaching the capacity of wireless networks through dis-
~ Example2: In this example, we consideriauser MIMO tributed interference alignment,” i®lobal Telecommu-
interference channel where each user hfs= N = 5 an- nications Conference, 2008. IEEE GLOBECOM 2008.
tennas and each requirés= 2 interference free dimensions |EEE, December 2008, pp. 1-6.

at the receiver. Again, we are able to show that all the COE@ Cenk M. Yetis, Syed A. Jafar, and Ahmet H. Kayran,
straints are satisfied and we can therefore declare that t " S ” : ; "
; ; : ; Feasibility conditions for interference alignment,
system admits an interference alignment solution. htto: //arxiv.ora/abs'0904.4526. Apr 2009
Example3: We now look at th& user case where the first P: 0rg ' ' p o
and second user pair haverransmit and receive antennas, [4] S.A. Jafar and M.J. Fakhereddin, “Degrees of freedom
(My = Ny = 4) k € {1,2}, and the third user pair has for the MIMO mter_ference channel,Information The-
M; = 6,N; = 2 antennas. We set, = 2 Vk. For this ory, IEEE Transactions on, vol. 53, no. 7, pp. 2637—
case, all the constraints in (14)-(17) are satisfied. Thesys 2642, July 2007.
should therefore have an interference alignment solution. [5] D.P. Palomar, J.M. Cioffi, and M.A. Lagunas, “Joint Tx-
We compare our results against an iterative algorithm Rx beamforming design for multicarrier MIMO chan-
proposed in [7] that experimentally evaluates the possibil  nels: A unified framework for convex optimizatiorg'g-
ity of an interference alignment solution for a given set of  nal Processing, |EEE Transactionson, vol. 51, no. 9, pp.
parametersk, My, Nk, dy). In all the above cases the algo- 2381-2401, Sept. 2003.

rithm was able to find an interference alignment solution. [6] Changxin Shi, David A. Schmidt, Randall A. Berry,
Example 4: We now look at anothez-user ISAC MIMO Michael L. Honig, and Wolfgang Utschick, “Distributed

system but this time withl/ = N = 3,d = 2. For this interference pricing for the MIMO interference chan-
system, we see that (20) is not satisfied. Therefore we @eclar  ne|” Communications, 2009. ICC '09. IEEE Interna-

this system cannot achieve 2 degrees of freedom per user.  tjonal Conference on, June 2009, to appear in.

act;ﬁgjplg;\}jhj?guir c:asse %tvleimNV\;eialza]t\zs:char-m Steven W. Peters and Robert W. Heath, “Interference

6,Ns — 2, dy — 2Vk. Here, (16) is no longer satisfied alignment via alternating r_ninimization,” iAcoustics,
Therefore there cannot be an interference alignment soluti ~ Peech and S]_gnr;ll Procfng, ZOOQAIQEA\%?EZOOQI
for this system. IEEE International Conference on, Apri ., pp.

As before, we compare the results of our analytical eval- 2445-2448.
uation against the experimental results of [7] and find that



