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A ma Famille





English AbstratWireless ad ho networks have reently reeived signi�ant attention be-ause of their historial defense and seurity appliations, as well as theirmore reent potential ommerial appliations. Most of the researh on adho networks has foused on higher layer (link, network, or transport) issues,espeially on routing protools designed to ope with frequent and dynamihanges in network topology. The theoretial and pratial limits of the per-formane of dense ad ho networks, reently unveiled in [1, 2℄, revealed theneed for alternative tehniques to improve the interferene-limited perfor-mane of dense ad ho networks.In this thesis, we address the following issue: how an the link apaityperformane in wireless ad ho networks be improved through the use ofmore advaned physial layer tehniques?We �rst introdue the physial layer fators that impat the performaneof dense ad ho networks. In partiular, we show how the throughput anbe improved by using diretive antennas, or by managing the number andposition of relaying nodes. Then, we turn our attention to ad ho networks inwhih nodes are empowered with ooperative apabilities. We �rst onsiderad ho networks with a small number of nodes, and we propose tehniquesto improve the spetral e�ieny of ooperative strategies. The proposedooperative strategies make more e�ient use of the wireless resoure byombining orthogonality-relaxation and dirty paper preoding. Finally, adho networks with a high density of nodes are examined. We introdue oop-eration in a large ad ho network through a ooperative-lustering approah.Using tools from random matrix theory and free probability theory, we ana-lyze the asymptoti apaity of the system when the node density inreases.This thesis shows that link apaity performane in dense wireless ad honetworks an be improved, as long as nodes are empowered with ooperativeapabilities at the physial layer, and ooperative strategies are properlyi



ii English Abstratdesigned.



Frenh AbstratLes réseaux ad ho sans �l ont reçu dernièrement une attention onsidérableen raison de leurs appliations historiques dans le domaine de la défense etde la séurité, et de leurs réentes appliations ommeriales potentielles.Jusqu'à réemment, la plupart des travaux de reherhe sur les réseaux adho mettaient l'aent sur des problèmes aux ouhes supérieures (liaison,réseau, transport), en partiulier sur la oneption de protooles de routagerobustes aux hangements dynamiques et fréquents de topologie. Les limitesthéoriques et pratiques des performanes des réseaux ad ho dévoilées réem-ment [1, 2℄ ont révélé le besoin de tehniques alternatives pour améliorer lesperformanes des réseaux ad ho denses, dont la prinipale limitation est dueaux interférenes.Cette thèse s'attaque à la problématique suivante : omment améliorerles performanes en termes de apaité de lien dans les réseaux ad ho sans�l, en utilisant des tehniques plus avanées à la ouhe physique ?Dans un premier temps, les fateurs de la ouhe physique impatantles performanes des réseaux ad ho denses sont présentés. En partiulier,on montre omment l'utilisation d'antennes diretionnelles ou la gestion dunombre et de la position de n÷uds-relais permettent d'améliorer le débit.Puis l'attention est portée vers les réseaux ad ho dont les n÷uds sont dotésde apaités de oopération. Les réseaux ad ho ave un petit nombre den÷uds oopératifs sont tout d'abord onsidérés, et des tehniques améliorantl'e�aité spetrale des stratégies de oopération sont proposées. Ces straté-gies oopératives permettent une meilleure utilisation de la ressoure sans�l grâe à la ombinaison de la relaxation d'orthogonalité et du préodage"Dirty Paper". Puis, les réseaux ad ho à haute densité de n÷uds sont ex-aminés. Dans es réseaux de grande dimension, la oopération est introduiteà travers une approhe de lusters oopératifs. En utilisant des outils de lathéorie des matries aléatoires et des probabilités libres, la apaité asymp-iii



iv Frenh Abstrattotique du réseau est analysée quand la densité de n÷uds augmente.Cette thèse montre que la apaité de lien dans les réseaux ad ho sans�l denses peut être améliorée, lorsque les n÷uds sont dotés de apaitésde oopération à la ouhe physique, et les stratégies de oopération sonte�aement onçues.
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Chapter 1
Frenh Summary

1



2 Chapter 1 Frenh SummaryIntrodution et MotivationsLes réseaux ad ho sont des réseaux sans �l �xes ou mobiles sans infras-truture, dans lesquels le transfert d'information repose sur la apaité desn÷uds sans �l à relayer les données les uns pour les autres. Ces réseaux sedistinguent ainsi des réseaux à infrastruture, tels que les réseaux ellulairesoù une station de base entralise les ommuniations des n÷uds sans �l situésdans une ellule, ou les réseaux sans �l loaux (WLAN) où un point d'aèsgère les onnetions entre les n÷uds sans �l. Ces réseaux dynamiques ont lapartiularité de s'auto-organiser et de pouvoir se déployer ave une grande�exibilité et autonomie sur des terrains improvisés, les rendant appropriéspour des systèmes de ommuniation de défense et d'urgene. Historique-ment, les réseaux ad ho omptent parmi leurs appliations le déploiement surhamps de bataille, les interventions de seours, le déploiement d'urgene enas de atastrophe naturelle ayant ausé la destrution de l'infrastruture deommuniation préexistante. Réemment, le développement des réseaux deapteurs sans �l (WSN) et des WLAN IEEE 802.11 (WiFi) � norme possé-dant un mode peer-to-peer permettant à des appareils sans �l de se onneterles uns aux autres � ont enouragé l'émergene d'idées d'appliations om-meriales des réseaux ad ho, tels que les réseaux loaux de jeux, les réseauxmesh ommunautaires, les réseaux véhiulaires sur voie, l'extension de ou-verture des réseaux ellulaires à travers des réseaux hybrides (ellulaire-adho). De nombreuses idées sur les réseaux hybrides, mixant réseaux ellu-laires et shémas multi-saut, ont d'ailleurs ommene à apparaître [3, Multi-hop Cellular Network (MCN)℄, [4, iCAR℄, [5, Self-Organizing Paket RadioNetworks with Overlay(SOPRANO)℄. Réseaux ad ho et ellulaires furentombinés dans l'espoir que la mise en ommun des avantages des deux shé-mas permettrait d'étendre la ouverture des ellules tout en supportant destopologies dynamiques [3℄, d'augmenter la salabilité et la robustesse des sys-tèmes ad ho purs, et d'équilibrer la harge dans les réseaux ellulaires [4℄.Toutefois, es travaux traitent essentiellement de problématiques de routage.Les hangements de topologies dynamiques et impréditibles dans lesréseaux ad ho ont délenhé des travaux de reherhe extensifs sur lesouhes hautes, prinipalement sur les protooles de routage permettant uneadaptation rapide dans les réseaux ad ho mobiles (MANETs) extrêmementdynamiques. Traditionnellement, les protooles de routage dans les MANETsétaient foalisés sur la minimisation du nombre de sauts, approhe qui neprend pas en ompte la qualité du lien et onduit à des routes de apa-



3ité bien moindre que elles des hemins de haute qualité disponibles dans leréseau [6℄. Dans [1℄, les limites théoriques sur le débit des réseaux ad hofurent dévoilées, puis on�rmées de manière pratique par des simulations etexpérienes dans [2℄. Dans [1℄, onsidérant un réseau ad ho de n n÷udsapable de transmettre à W bits/seonde, et distribués aléatoirement sur undisque d'aire unitaire, il fut montré que le débit par n÷ud déroît omme
Θ
(

W√
n log n

) bits/seonde quand le nombre de n÷uds n augmente. En e�et,dans les réseaux ad ho denses, la ressoure sans �l doit être partagée entre lestransmissions onurrentes d'un grand nombre de n÷uds sans �l, et par on-séquent, les performanes sont limitées par l'interférene. Les transmissionssans �l de haque n÷ud doivent don être on�nées au voisinage du n÷ud,requérant don le multi-saut pour que l'information irule de la soure àla destination. Il en résulte que la plupart des transmissions dans le réseautransportent des données relayées, e qui onduit à une diminution impor-tante du débit total. Cependant, ette déroissane du débit est obtenue sousdes hypothèses spéi�ques sur le mode de transmission à la ouhe physique:transmissions point à point multi-saut entre des n÷uds sans �l �xes équipésd'antennes omnidiretionnelles et transmettant leurs signaux indépendam-ment les uns des autres sans auune interation oopérative entre les n÷uds.Sahant que la performane à la ouhe physique est une borne supérieurepour les performanes aux ouhes plus hautes, la question suivante se posenaturellement:
• Est-il possible d'améliorer les performanes en termes de apaité delien dans les réseaux ad ho sans �l, en utilisant des tehniques plusavanées à la ouhe physique ?
• Quels sont les fateurs à la ouhe physique permettant d'améliorer laapaité de lien, et quelles sont leurs limites?Fateurs Améliorant les Performanes des Reseaux AdHo NetworksIl a été montré que plusieurs fateurs à la ouhe physique permettent d'améliorerles performanes dans les réseaux ad ho, dont la diretivité des antennes,la mobilité des n÷uds , le positionnement des n÷uds , la oopération et lessystèmes d'antennes multiples (MIMO) virtuels.



4 Chapter 1 Frenh SummaryLes Antennes Diretionnelles peuvent être utilisées de manière adap-tative pour améliorer la �abilité des transmissions et diminuer l'interférene[7�11℄. En e�et, si les n÷uds ont de l'information sur leur topologie loale,la formation de faiseaux ou la setorisation de la puissane de transmissionpeuvent être utilisées pour foaliser la puissane transmise dans la diretionde leur destination. Ainsi, la probabilité de auser de l'interférene à unréepteur autre que la destinataire souhaité diminue. Néanmoins, la on-naissane de la position du réepteur est néessaire au transmetteur pourpouvoir foaliser le faiseau de transmission dans la bonne diretion. Dansdes réseaux à haute mobilité, traquer la position d'un grand nombre de n÷udsrequière un feedbak non-négligeable qui augmente l'overhead du protoolede transmission [12�14℄. Par onséquent, dans les réseaux ad ho, on onsid-ère en général des antennes omnidiretionnelles, malgré leur impat négatifsur l'interférene. Le Chapitre 3 traite, entre autres, de la problématiquesuivante :
• Est-il possible de tirer béné�e de la diretivité des antennes ou de laformation de faiseau dans les réseaux ad ho denses, tout en évitantla surharge due au feedbak?La Mobilité des n÷uds permet également d'améliorer la apaité desréseaux ad ho sans �l [15, 16℄. En permettant aux n÷uds sans �l de sedéplaer, un saling onstant du débit peut être obtenu quand le nombre den÷uds augmente. L'idée onsiste à exploiter la diversité multi-utilisateurspar le relayage de paquets dans un réseau dense : une soure divise son �uxde paquets entre plusieurs n÷uds sans �l mobiles qui vont jouer le r�le derelais et livrer le paquet qu'ils transportent dès qu'ils passent à proximitéde la destination. Leur mouvement rend les n÷uds relais équivalents à desn÷uds dont les anaux vers la soure et vers la destination varient dans letemps. Le nombre de n÷uds dans le réseau étant grand, à haque instantla probabilité qu'un n÷ud relai soit prohe de la soure et don reçoive unnouveau paquet à transporter est grande, ainsi que la probabilité qu'un n÷udsoit prohe de la destination et livre un paquet. Il résulte de la mobilité quel'interférene dans le réseau est diminuée, que le nombre de sauts qu'unpaquet doit traverser est réduit à deux, et que le débit est onsidérablementaugmenté. Néanmoins, e saling onstant du débit dans les réseaux ad homobiles fut obtenu sous l'hypothèse d'appliations tolérant de larges délais.Dans [17℄, le ompromis débit-délai est analysé dans les réseaux mobiles, et



5il est montré que le délai requis pour supporter un saling onstant du débitdépend de la vitesse des n÷uds sans �l: le délai augmente quand la vitessediminue, ralentissement qui se produit quand le réseau devient de plus enplus bondé en raison d'une densité roissante. Cette observation soulève laquestion de savoir s'il est possible, par d'autres fateurs, d'améliorer le débitdans les réseaux ad ho sans un délai de plus en plus élevé.Le positionnement et le nombre de n÷uds relais supportant la om-muniation d'une paire soure-destination ont un impat sur la apaité d'unréseau de relais [18�22℄. Lorsqu'une seule paire soure-destination dans leréseau est ative, et que tous les autres n÷uds relaient les données de lasoure, la ontribution des relais à la apaité et le saling de la apa-ité quand le nombre de n÷uds augmente peuvent être analysés. Dans leChapitre 3, les questions suivantes sont examinées :
• Comment la apaité de lien roit-elle ave le nombre de relais aidantune paire soure-destination?
• Quel est l'impat de la topologie du réseau, en partiulier de la positiondes n÷uds relais, sur la apaité de lien?
• Quel est l'impat de l'environnement physique, à travers les ré�exions,les atténuations et délais de propagation... sur la apaité de lien?La oopération et le MIMO virtuel peuvent également ontribuer àl'amélioration des performanes dans les réseaux ad ho sans �l. Dans lesmodèles mentionnés préédemment, on onsidérait que les n÷uds agissaientindépendamment et la oopération était limitée à une réexpédition passive :les n÷uds n'interagissaient pas, mais pouvaient simplement transférer leursignal reçu. Si des tehniques de traitement plus avanées sont envisagéesà la ouhe physique et les n÷uds peuvent oopérer, on peut prévoir queles performanes des réseaux ad ho seront améliorées. En e�et, dans lessystèmes de ommuniation point à point, les tehniques MIMO permettentd'améliorer la �abilité des ommuniations grâe aux gains de diversité spa-tiale, et d'augmenter l'e�aité spetrale grâe aux gains de multiplexage.Ainsi, lorsqu'on onsidère un réseau de n÷uds sans �l où les n÷uds peu-vent oopérer pour transmettre onjointement de l'information, un systèmeMIMO virtuel peut être onstruit de manière distribuée, et la oopération



6 Chapter 1 Frenh Summarypeut permettre l'exploitation des gains MIMO. Dans les Chapitres 4 et 5, lesproblématiques suivantes sont traitées :
• Comment faut-il onevoir les stratégies de oopération pour améliorerle débit des réseaux ad ho, tout en utilisant la ressoure sans �l demanière e�ae?
• Que peut-on dire de la apaité d'un grand réseau oopératif multi-sauts, où les n÷uds sans �l ont des aptitudes au MIMO virtuel?Réseaux Coopératifs de Petites DimensionsUn système de ommuniations oopératives est onstitué lorsque des n÷udssans �l distribués interagissent pour transmettre onjointement de l'information.Plusieurs terminaux radio relayant les signaux les uns des autres forment unréseau d'antennes virtuel, et leur oopération permet d'exploiter la diversitéspatiale des anaux à évanouissement, qui prend alors le nom de diversitéoopérative. Les stratégies de oopération furent dans un premier tempsonçues pour des réseaux de petites dimensions, représentant les briques élé-mentaires pour la onstrution de réseaux ad ho de plus grandes dimensions.Les réseaux oopératifs de petites dimensions les plus basiques sont :
• le anal à relai (relay hannel), f. Fig. 1.1(a) : une paire soure-destination aidée par un relai ;
• le anal à interférene oopératif (ooperative interferene hannel), f.Fig. 1.1(b) : deux paires soure-destination oopérant à la transmissionet/ou à la réeption.Une pléthore de stratégies de oopération ont été proposées pour le analà relai ou le anal à interférene oopératif [23, 24℄, les plus élèbres étantAmplify and Forward (AF), Deode and Forward (DF) et Compress andForward (CF) [25℄. La di�érene entre es stratégies réside dans le traitementréalisé au n÷ud relai avant qu'il ne retransmette (f. Chapitre 4).La plupart des stratégies de oopération ont été onçues de telle sorteque la ontrainte pratique de semi-duplex soit respetée: un terminal radione peut pas transmettre et reevoir simultanément dans la même bande defréquene, ar la puissane du signal reçu est très basse par rapport à lapuissane du signal transmis. Un n÷ud relai utilise don des anaux orthog-onaux pour reevoir un signal de la soure, et pour transmettre son signal
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8 Chapter 1 Frenh Summary
• Peut-on améliorer l'e�aité spetrale des stratégies de oopération enrelaxant la ontrainte d'orthogonalité, tout en ontinuant à respeterla ontrainte de semi-duplex?
• Comment peut-on mitiger l'interférene due à la relaxation de la on-trainte d'orthogonalité?Réseaux Coopératifs de Grandes DimensionsLes lois d'éhelle � peu enourageantes � du débit dans les réseaux adho denses dérivées dans [1℄ soulèvent la question de savoir si les réseaux adho sont appropriés uniquement pour un petit nombre de n÷uds ou pour undéploiement dans une zone limitée, ou si les ommuniations oopérativesà la ouhe physique peuvent permettre de déployer les réseaux ad ho demanière viable pour un grand nombre de n÷uds . [1℄ a ainsi ouvert la voieà des travaux de reherhe réents sur les lois d'éhelle dans les réseaux adho où les n÷uds ont des aptitudes MIMO [26�37℄.Dans un réseau ad ho idéal � mais irréaliste, tous les n÷uds pourraientparfaitement oopérer à grande éhelle, et la apaité du réseau roîtraitomme dans un grand système MIMO parfait : linéairement ave le nom-bre d'antennes [38℄. Une approhe plus réaliste, et toutefois pleine de sens,onsiste à grouper les n÷uds du réseau en lusters oopératifs : les n÷uds ap-partenant à un luster oopératif oopèrent pour former un réseau d'antennesvirtuel et transmettre ou reevoir onjointement l'information destinée à ouprovenant d'autres lusters. Des ommuniations multi-sauts ont alors lieuentre les lusters oopératifs, au lieu de simples n÷uds omme 'était le asdans [1℄. Grâe à l'approhe oopérative, ertaines transmissions qui appa-raissaient omme de l'interférene dans [1℄ sont maintenant vues omme dessignaux utiles pouvant être traités onjointement par les n÷uds d'un luster.Un réseau ad ho dense est un système très omplexe, dont les métriquesde performane impliquent un grand nombre de variables et de paramètres.Cependant, les simulations extensives ne sont heureusement pas les seulsmoyens de gagner une ertaine intuition sur la façon dont les performanesdu systèmes évoluent lorsque ses dimensions augmentent. Réemment, lesthéories des matries aléatoires (RMT) et des probabilités libres (FPT) sontapparues omme des théories appropriées pour l'analyse et la oneption desystèmes de ommuniation omplexes, et pour révéler les paramètres perti-nents impatant leurs performanes [39℄. En e�et, le transfert d'information



9dans un système de ommuniation peut souvent être modélisé par une équa-tion matriielle aléatoire de la forme y = Hx+z, où x est le veteur d'entrée,
y le veteur de sortie, z le veteur de bruit, et H la matrie de transfert dusystème. Pour un tel système, il s'avère que la plupart des métriques deperformane issues de la théorie de l'information dépendent uniquement desvaleurs et veteurs propres de la matrie de transfert H. RMT et FPT four-nissent des résultats utiles sur les valeurs et veteurs propres de matriesaléatoires de grandes dimensions, qui peuvent être appliqués à l'analyse desystèmes de ommuniation de grandes dimensions. La théorie des matriesaléatoires émergea ave les travaux de Wishart [40℄, Wigner [41℄, et Mar£enkoet Pastur [42℄, et était historiquement utilisée en physique, avant de l'êtredans de nombreux autres domaines. Dans les ommuniations sans �l, RMTfut d'abord utilisée pour analyser les performanes des systèmes de ommu-niations à antennes multiples, par exemple dans [38,43�45℄, et des systèmesCDMA, par exemple dans [46�48℄.Dans le Chapitre 5, un réseau ad ho dense où les n÷uds sont groupés enlusters oopératifs est onsidéré, et les questions suivantes sont traitées enutilisant des outils de RMT, FPT et de l'algèbre linéaire :

• Quelle est la apaité asymptotique du système de lusters oopératifsquand le nombre de n÷uds dans tous les lusters roît?
• Quels sont les paramètres pertinents impatant la apaité du système?
• Comment les n÷uds dans un luster oopératif doivent-il traiter ettransmettre oopérativement leurs signaux a�n de maximiser la apa-ité du système?ContributionsChapitre 3La ontribution du Chapitre 3 est double. La première partie traite del'impat de la diretivité des antennes sur le débit et la onnetivité d'unréseau dense ave un grand nombre de paires soure-destination. La seondepartie analyse l'impat du positionnement et du nombre de n÷uds relaispassifs sur la apaité d'un système où un grand nombre de n÷uds relaissoutiennent la ommuniation d'une paire soure-destination.



10 Chapter 1 Frenh SummaryDans la Setion 3.2, un réseau dense de paires soure-destination, où lessoures sont équipées d'antennes diretives, est onsidéré. La première on-tribution de la Setion 3.2 est la proposition d'un shéma de formation defaiseaux dynamique et aveugle, permettant de tirer pro�t de la diretivitédes antennes dans un réseaux déentralisé, tout en évitant le lourd feedbakpour traquer la position des n÷uds . Le système est dynamique et aveuglear une soure pointe son antenne diretive suessivement dans toutes lesdiretions pour viser sûrement mais aveuglement sa destination sans on-naître sa position exate. On montre que la diretivité rotationnelle a unimpat positif sur la rédution d'interférene, et don sur la apaité : enfoalisant sa puissane de transmission suessivement dans toutes les dire-tions, la probabilité qu'une soure interfère ave les autres destinations, i.e.que son signal atteigne une destination non-désirée en même temps que ettedernière reçoit un signal de sa propre soure, est faible en raison de la foali-sation spatiale et de l'asynhronisme de toutes les transmissions. Néanmoins,la diretivité rotationnelle introduit un délai : lorsqu'une soure ne transmetpas dans la diretion de sa destination, du temps et de la puissane sontgâhés. Ces deux e�ets opposés onduisent à un ompromis apaité-délailorsqu'on ajuste le nombre de rotations.La deuxième ontribution de la Setion 3.2 est l'analyse du débit duréseaux ave le shéma de formation de faiseaux dynamique et aveugle, etla omparaison au as lassique où les soures sont équipées d'antennes om-nidiretionnelles. On montre que lorsque la densité du réseau augmente, leshéma de formation de faiseaux dynamique et aveugle surpasse les transmis-sions omnidiretionnelles. En e�et, lorsque la densité du réseau augmente,la prinipale limitation au débit est due l'interférene et des faiseaux detransmission plus étroits sont néessaires pour réduire l'interférene. Cepen-dant, quand les faiseaux deviennent plus étroits, un nombre plus grand derotations de l'antenne soure est néessaire pour ouvrir tout l'espae, e quionduit à un délai aru. Pour une densité de réseau donnée, le ompromisentre rédution d'interférene et augmentation du délai résulte en une largeurde faiseau optimale et un nombre de rotation optimal maximisant le débitdu réseau.La troisième ontribution de la Setion 3.2 est la dé�nition d'un nouveauritère de onnetivité lié au débit (throughput-onnetivity), ritère qui per-met de prendre en ompte l'interférene et l'aès partagé à la ressoure sans�l par les di�érents n÷uds du réseau. Ce ritère de onnetivité est dé�nipour un taux de transmission ible R omme étant la proportion de paires



11dans le réseau auxquelles un débit R peut être garanti. Pour un débit ible
R, le nombre de rotations et la largeur de faiseau maximisant la onnetivitédépendent de la densité du réseau.Dans la Setion 3.3, un système où une soure ommunique ave une des-tination ave l'aide d'un réseau dense de relais passifs est examiné. Les relaissont modélisés omme de simples di�useurs omnidiretionnels, i.e. des n÷udspassifs sans apaités d'ingénierie qui re�ètent simplement de manière di�usel'onde életromagnétique inidente provenant de l'antenne soure. La pre-mière ontribution de la Setion 3.3 est la formulation d'un modèle prenanten ompte l'environnement physique à travers les ré�exions, les atténuations,les délais et la multipliité des voies. Il est montré que e système de relayageasynhrone peut être modélisé omme un anal virtuel à voies multiples, où legain de haque voie résulte de la ombinaison des ontributions au signal desrelais appartenant à un même luster de relayage. Les lusters de relayagesont dé�nis par la topologie et les propriétés de la transmission, telles que labande.La deuxième ontribution de la Setion 3.3 est la dérivation de la apaitédu système et son analyse lorsque le nombre de n÷uds relais augmente. Ils'avère que la apaité sature quand le nombre de n÷uds augmente : au-delàd'un ertain nombre de n÷uds relais, l'essentiel de la puissane qui pouvaitêtre réupérée à la destination grâe aux ontributions des relais a déjà étéolleté � d'où une saturation, et l'augmentation de la apaité due à desvoies tardives résultant de retransmissions venant de n÷uds éloignés devientnégligeable. Attendre les retransmissions provenant de n÷uds très éloignésde la soure et de la destination n'en vaut pas la peine.La troisième ontribution de la Setion 3.3 est l'évaluation de l'impatde la position des relais sur leur ontribution à la apaité. Des résultatsnumériques montrent que quelques n÷uds bien positionnés, à proximité dela soure ou de la destination, onduisent à de meilleures performanes qu'unplus grand nombre de n÷uds répartis uniformément entre la soure et la des-tination. Dans les ontributions du Chapitre 3, auune interation oopéra-tive entre les n÷uds , autre qu'un relayage passif, n'était onsidérée. Lesontributions des Chapitres 4 et 5 mettent l'aent sur les performanes desréseaux ad ho ou les n÷uds ont des apaités oopératives plus avanées.Les travaux du Chapitre 3 ont été publiés en partie dans :

• "Improving Ad Ho Networks Capaity and Connetivity using Dy-nami Blind Beamforming", N. Fawaz, Z. Beyaztas, M. Debbah, D.



12 Chapter 1 Frenh SummaryGesbert, In Pro. of the 67th IEEE Vehiular Tehnology Conferene,VTC Spring 2008, May 11-14th 2008, Singapore
• "Capaity and Positioning in Dense Sattering Environments", N. Fawaz,M. Debbah, D. Gesbert, In Pro. of the 8th IEEE Workshop on SignalProessing Advanes in Wireless Communiations, SPAWC 2007, June17-20th 2007, Helsinki, Finland
• "Capaity of Dense Sattering Environments", N. Fawaz, M. Debbah,D. Gesbert, In Pro. of IRAMUS Workshop, Jan. 25-26th 2007, Val-Thorens, FRANCEChapitre 4Dans le hapitre 4, le anal à interférene oopératif est étudié dans le asde oopération à la transmission. La première ontribution du Chapitre 4est le développement de nouvelles stratégies de oopération plus e�aesspetralement que les stratégies Deode and Forward lassiques. Les straté-gies proposées relaxent la ontrainte d'orthogonalité, tout en préservant laontrainte de semi-duplex, et permettent à tous les symboles transmis debéné�ier de la diversité oopérative. Dans les stratégies proposées, la re-laxation d'orthogonalité est inspirée du odage réseau et est réalisée en per-mettant à un n÷ud de ombiner les messages provenant de di�érentes orig-ines dans un unique signal transmis, ave une alloation de puissane op-timisée. Les stratégies proposées ontrastent ave d'autres stratégies, ditesnon-orthogonales, qui relaxent la ontrainte d'orthogonalité en permettantà plusieurs n÷uds de transmettre simultanément. De telles stratégies non-orthogonales ne permettent pas de garantir simultanément le respet de laontrainte de semi-duplex et le gain de diversité oopérative pour tous lessymboles transmis.La deuxième ontribution du Chapitre 4 est l'introdution du odageDirty Paper (DPC) dans les stratégies oopératives proposées, a�n de mit-iger l'interférene résultant de la relaxation d'orthogonalité. En e�et, haquesoure forme son signal transmis en ombinant son propre message ave lemessage de l'autre soure, haun des messages ombinés étant destiné à unréepteur di�érent. Les messages ombinés représentent don de l'interférenel'un pour l'autre. Cependant, ette interférene est onnue au transmetteur,et peut don être mitigée par un odage Dirty Paper, tehnique spéialiséepour la mitigation d'interférene onnue à la transmission.



13La troisième ontribution du Chapitre 4 est l'évaluation, en termes d'e�aitespetrale, des mérites relatifs des stratégies oopératives proposées par rap-port à eux des stratégies oopératives lassiquesRepetetion Deode and For-ward et Parallel Deode and Forward. La omparaison montre que, grâe àune utilisation plus e�ae de la bande, les stratégies proposées améliorentle débit du réseau par rapport aux stratégies lassiques.Comme expliqué i-dessus, le Chapitre 4 met l'aent sur l'améliorationde l'e�aité spetrale des stratégies oopératives dans des réseaux omposésd'un petit nombre de paires ommuniantes, tandis que le Chapitre 5 estfoalisé sur les performanes du réseau quand le nombre de n÷uds oopérantroit.Les travaux du Chapitre 4 ont été publiés en partie dans :
• "When Network Coding and Dirty Paper Coding Meet in a CooperativeAd Ho Network", N. Fawaz, D. Gesbert, M. Debbah, in IEEE Trans.on Wireless Communiations, vol. 7, no. 5, May 2008
• "When Network Coding and Dirty Paper Coding Cooperate", N. Fawaz,D. Gesbert, M. Debbah, In Pro. of the 9th IEEE Winter Shool onCoding and Information Theory, Marh 12-16th 2007, La-Colle-sur-Loup, FraneChapitre 5Dans le Chapitre 5, un réseau ad ho dense onstitué d'un grand nombrede paires soure-destination ommuniquant ave l'aide d'un grand nombrede relais est onsidéré. Les n÷uds sont regroupés en trois types de lustersoopératifs : un luster soure, un luster destination, plusieurs lusters relai.Dans haque luster oopératif, les n÷uds oopèrent pour former un réseaud'antennes virtuel, et interagissent pour reevoir ou transmettre onjointe-ment de l'information. L'information irule du luster soure au luster des-tination en traversant une série de lusters relai intermédiaires. Ce systèmeforme un réseau de relayage MIMO virtuel multi-saut. Le anal à haquesaut est modélisé par une matrie de anal à évanouissement par blo or-rélée, et le traitement réalisé par haque luster est modélisé par une matriede préodage. Pour failiter l'analyse, deux hypothèses simpli�atries sontfaites omme première étape vers une analyse future plus omplète : on sup-pose que les n÷uds dans un luster onstituent un réseau d'antennes virtuel
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Figure 1.2: Réseau de lusters oopératifs multi-sautsparfait, et que les ommuniations entre lusters relai ne sont pas a�etéespar du bruit. Cependant, les signaux reçus par les n÷uds dans le lusterdestination sont altérés par du bruit.La première ontribution du Chapitre 5, résumée dans le Théorème1 1 i-dessous, est la dérivation d'une expression expliite de l'information mutuellebout-en-bout instantanée asymptotique entre l'entrée au luster soure et lasortie au luster destination, quand le nombre de n÷uds à tous les niveauxroît ave un taux �ni. En utilisant des outils de la théorie des matries aléa-toires et des probabilités libres, on montre que l'information mutuelle instan-tanée par soure onverge vers une limite déterministe quand les dimensionsdu système roissent. On montre que ette expression asymptotique est in-dépendante de la réalisation du anal et dépend uniquement des statistiquesdu anal. En outre, dans le régime asymptotique, la valeur asymptotiquede l'information mutuelle instantanée sert également de valeur asymptotiquepour l'information mutuelle moyenne. De plus, on montre que même dansle as d'un nombre de n÷uds �ni, le système se omporte omme dans lerégime asymptotique. Cette observation rend la formule asymptotique unoutil puissant pour gagner de l'intuition sur les performanes du système,même lorsque les dimensions ne sont pas in�niment grandes.Théorème 1. Pour le système de lusters oopératifs dérit en Setion 5.2,supposons que
• la destination a une onnaissane parfaite du anal bout-en-bout GN1Le leteur est renvoyé à la Setion 5.2 pour la dé�nition des notations impliquées dansles Théorèmes 1 et 2.
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• le nombre d'antennes à tous les niveaux k0, k1, . . . , kN tend vers l'in�ni,tandis que ki

kN
→ ρi, i = 0, . . . , N

• ∀i ∈ {0, . . . , N}, quand ki tend vers l'in�ni, MH
i Mi a une distributionlimite des valeurs propres à support ompat.Alors l'information mutuelle par n÷ud soure instantanée onverge presquesûrement vers
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(λ).La deuxième ontribution du Chapitre 5, résumée dans le Théorème 2 i-dessous, réside dans la dérivation de la struture des matries de préodageoptimales à haque luster, maximisant l'information mutuelle bout-en-boutmoyenne sous l'hypothèse d'une onnaissane loale statistique du anal (lo-al statistial CSI ) aux lusters soure et relai. Notre analyse montre qu'àhaque luster, les veteurs singuliers à droite de la matrie de préodageoptimale sont alignés ave les veteurs propres de la matrie de orrélationde réeption du anal au saut préédent, tandis que les veteurs singuliersà gauhe de la matrie de préodage optimale sont alignés ave les veteurspropres de la matrie de orrélation de transmission du anal au saut suivant.Théorème 2. Considérons le système de lusters oopératifs dérit en Se-tion 5.2. Pour i ∈ {1, . . . , N}, soient Ct,i = Ut,iΛt,iU

H
t,i et Cr,i = Ur,iΛr,iU

H
r,iles déompositions en valeurs propres des matries de orrélation de anal

Ct,i et Cr,i, où Ut,i et Ur,i sont unitaires et Λt,i et Λr,i sont diagonales, aveleurs valeurs propres respetives lassées par ordre déroissant. Alors, sousles hypothèses de onnaissane de anal As, Ar et Ad, les matries de pré-odage linéaire optimales, maximisant l'information mutuelle moyenne sous



16 Chapter 1 Frenh Summaryles ontraintes de puissane (5.6) sont données par :
P0 = Ut,1ΛP0

Pi = Ut,i+1ΛPi
UH

r,i , for i ∈ {1, . . . , N − 1}
(1.3)où ΛPi

sont des matries diagonales dont les elements diagonaux sont réels etpositifs. En d'autres termes, les veteurs singuliers des matries de préodageoptimales sont alignés sur les veteurs propres des matries de orrélationdu anal. De plus, les veteurs singuliers des matries de préodage (1.3)sont également eux qui maximisent l'information mutuelle moyenne asymp-totique. Comme l'information mutuelle moyenne asymptotique a la mêmevaleur que l'information mutuelle instantanée asymptotique, les veteurs sin-guliers des matries de préodage (1.3) sont �nalement aussi optimaux pourl'information mutuelle instantanée asymptotique.La troisième ontribution du Chapitre 5 est l'analyse de la apaité duréseau dans plusieurs senarios de ommuniation, dans les as de ommu-niation à saut unique ou multi-sauts, et de anaux déorrélés ou orrélés.Il est montré que les résultats sur la apaité des systèmes MIMO dérivéspréédemment par d'autres auteurs [39, Setion 3.3.2℄, [39, Theorem 3.7℄peuvent être retrouvés en appliquant nos résultats sur l'information mutuelleasymptotique et la struture des préodeurs optimaux au as de ommunia-tions à saut unique. Nous fournissons également l'expression de la apaitéasymptotique dans le as de ommuniations multi-sauts ave des anauxdéorrélés ou à orrélation exponentielle, et nous montrons que le relayageoopératif améliore la apaité par n÷ud soure même lorsque la taille duréseau augmente.Les travaux du Chapitre 5 ont été publiés en partie dans :
• "Asymptoti Capaity and Optimal Preoding Strategy of Multi-levelPreode & Forward in Correlated Channels", N. Fawaz, K. Zari�, M.Debbah, D. Gesbert, In Pro. of the IEEE Information Theory Work-shop, ITW 2008, May 5-9th 2008, Porto, Portugalet ont été soumis en tant que :
• "Asymptoti Capaity and Optimal Preoding in MIMO Multi-HopRelay Networks", N. Fawaz, K. Zari�, M. Debbah, D. Gesbert, submit-ted to IEEE Trans. on Information Theory, De. 2008.



17Conlusion et PerspetivesDans ette thèse, nous avons montré que la apaité de lien dans les réseauxad ho sans �l denses peut être améliorée, lorsque les n÷uds sont dotés deapaités de oopération à la ouhe physique, et les stratégies de oopérationsont e�aement onçues.Les travaux de reherhe de ette thèse peuvent être poursuivis dansplusieurs diretions. Tout d'abord, les fateurs à la ouhe physique présen-tés dans le Chapitre 3 ne sont probablement pas les seuls fateurs permet-tant d'améliorer la apaité de lien dans les réseaux ad ho sans �l dense,en réduisant l'interférene. En e�et, le retournement temporel a longtempsété étudié omme méthode de foalisation d'une onde ultrasonique à la foisdans le temps et l'espae, et de réents travaux ont ommené à envisagerl'appliation du retournement temporel aux systèmes de ommuniation sans�l, en partiulier aux systèmes à ultra large bande. Dans les réseaux ad hodenses, la apaité de foalisation du retournement temporel pourrait per-mettre de mitiger l'interférene et don améliorer la apaité de lien.D'autre part, la plupart des protooles pour réseaux oopératifs mention-nés dans les Chapitres 4 et 5 ont été onçus et analysés dans le régime hautSNR. Très peu de travaux ont iblé le régime bas SNR des réseaux de re-layage. Dans le régime large bande, alternativement dénommé régime basSNR étant donné que la puissane est répartie sur un grand nombre de degrésde liberté, les performanes ne sont pas limitées par l'interférene, mais parl'énergie. En tirant pro�t de la ombinaison physique de signaux dans un liensans �l, le odage réseau analogique apparaît omme une approhe pertinentedans le régime bas SNR. Dans e régime, le odage réseau pourrait surpasserd'autres approhes herhant essentiellement à éviter l'interférene, dont parexemple la radio ognitive.En�n, l'analyse de la apaité de lien dans un réseau ad ho oopératifdense présentée dans le Chapitre 5 repose sur l'hypothèse simpli�atrie d'uneoopération parfaite à l'intérieur de haque luster. Les travaux de reherhedoivent être poursuivis pour lever ette hypothèse simpli�atrie, et prendreen ompte le oût de la oopération intra-luster sur les performanes duréseau, en partiulier en termes de onnaissane du anal et feedbak. Deplus, une topologie partiulière a été onsidérée dans le Chapitre 5 : lessoures et les destinations pouvaient être regroupées en un unique lustersoure et un unique luster destination respetivement. Une analyse plusomplète devrait fournir la apaité dans le as de topologies plus générales.
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22 Chapter 2 Introdution2.1 Overview and MotivationsWireless ad ho networks are �exible deentralized wireless networks whereno �xed infrastruture is present. In ontrast to infrastruture-based wirelessnetworks, suh as ellular networks where a base station entralizes ommu-niation of wireless nodes in a ell, or wireless loal area networks (WLAN)where an aess point manages the onnetion between wireless nodes, in-formation transfer in ad ho networks relies on the ability of wireless nodesto relay data for one another. Among the advantages of suh networks aretheir �exibility, dynamism, autonomy, and self-organization apabilities thatmake them suitable for defense and emergeny ommuniation systems. In-deed ad ho networks an be deployed dynamially on improvised terrains,and therefore historial appliations of ad ho networks ount deploymentin battle �elds, resue interventions, emergeny deployment when naturaldisasters destroyed the pre-existing ommuniation infrastruture. Reently,the expansion of Wireless Sensor Networks (WSN) and IEEE 802.11 (WiFi)WLAN whih possesses a peer-to-peer mode enabling wireless devies to on-net with eah other, enouraged the emergene of ommerial appliationideas of ad ho networks, e.g. gaming loal area networks, ommunity meshnetworks, on-road vehiular networks, and overage-extension of ellular net-works through hybrid (ellular-ad ho) networks. Indeed many ideas on hy-brid networks, mixing ellular and multi-hop shemes, started emerging suhas [3, Multi-hop Cellular Network (MCN)℄, [4, iCAR℄, [5, Self-OrganizingPaket Radio Networks with Overlay(SOPRANO)℄. Ad ho and ellular net-works were ombined, with the prospets that bringing the advantages ofboth shemes together would allow to extend ell overage while supportingdynami topologies [3℄, to inrease the salability and reliability of pure adho system, and to balane the load in ellular networks [4℄. However thoseworks foused mainly on routing issues.The unpreditable and dynami hanges of topology in ad ho networkstriggered extensive researh on high layers, mainly on routing protools toprovide fast adaptation in highly dynami mobile ad ho networks (MANETs).Traditionally, routing protools in MANETS were foused on minimizing thehop-ount, approah that did not take into aount the link quality and ledto routes with signi�antly less apaity than high-quality paths available inthe network [6℄. In [1℄ theoretial limits on the throughput of ad ho networkswere disovered, and were then on�rmed pratially by simulations and ex-periments in [2℄. In [1℄, onsidering an ad ho network of n nodes apable of



2.1 Overview and Motivations 23transmitting at W bits/seond, randomly loated on a unit-area disk, it wasshown that the throughput per node dereased as Θ
(

W√
n log n

) bits/seondwhen the number of nodes n inreased. Indeed in dense ad ho networks, thewireless resoure needs to be shared between onurrent transmissions of alarge number of wireless nodes, and onsequently the performane is limitedby interferene. The wireless transmissions of nodes need to be on�ned totheir neighboring area, leading to multi-hopping for information to �ow froma soure to a destination. As a result, most transmissions in the networkarry relayed data, whih leads to a dramati derease of the total through-put. However, this saling of the throughput was obtained under spei�assumptions on the transmission mode at the physial layer: point-to-pointmulti-hop transmissions between �xed wireless nodes equipped with omni-diretional antennas and transmitting their signals independently withoutany ooperative interation with other nodes. Knowing that the perfor-mane at the physial layer upper-bounds the performane at high layers,the following questions naturally arise:
• Is it possible to improve the link apaity performane in dense ad honetworks through the use of more advaned tehniques at the physiallayer?
• What are the physial layer fators that an improve the link apaityperformane and what are their limits?2.1.1 Fators Enhaning Ad Ho Networks PerformaneSeveral physial layer fators were proven to improve the performane of adho networks, inluding antenna diretivity, node mobility, node positioning,ooperation and virtual MIMO (Multiple-Input Multiple-Output).Diretional antennas an be used adaptively to enhane reliability andderease interferene [7�11℄. Indeed, if nodes have information on their loaltopology, beamforming or transmission power setorization an be used tofous the transmitted power in the diretion of their reeiver. Therefore theprobability of interfering at non-intended reeivers is dereased. Neverthelessknowledge of the position of the reeiver is neessary at the transmitterin order to fous the transmission beam in the right diretion. In high-mobility networks, traking the loation of a large number of nodes requires



24 Chapter 2 Introdutiona non-negligible feedbak whih inreases the transmission protool overhead[12�14℄. Thus omni-diretional antennas are mainly onsidered in ad honetworks in spite of their negative impat on interferene. One of the issueswe address in Chapter 3 is the following:
• Is it possible to bene�t from antenna diretivity or beamforming whileavoiding the feedbak load in dense ad ho networks?Node mobility was also shown to improve the apaity of wireless ad honetworks [15, 16℄. By allowing wireless nodes to move, a onstant saling ofthe throughput an be obtained when the number of nodes inreases. Theidea onsists in exploiting multi-user diversity through paket relaying ina dense network: a soure splits its paket stream between several mobilewireless nodes that will at as relays and will deliver the paket they arrywhenever they ome lose to the intended destination. Through their motion,mobile relays appear to have time-varying hannels to the soure and to thedestination. Sine the number of nodes in the network is large, at any timethe probability for a relaying node to be lose to the soure and thus toobtain a new paket to arry is high, as well as the probability for a relayingnode to be lose to the destination and deliver a paket. As a result ofmotion, interferene in the network is dereased, the number of hops a paketneeds to travel through is redued to two and the throughput is onsiderablyinreased. However, the onstant saling of the throughput in mobile adho networks was obtained under the assumption of appliations tolerant tolarge delays. In [17℄, the optimal throughput-delay trade-o� was analyzedin mobile networks, and the delay required to sustain a onstant saling ofthe throughput was shown to depend on the veloity of wireless nodes: thedelay inreases when the veloity dereases, whih happens when the networkbeomes more and more rowded beause of an inreasing density. Thisobservation raises the question whether it is possible, through other fators,to improve the throughput in ad ho networks without an inreasingly highdelay.The position and number of relaying nodes supporting the ommu-niation of a soure-destination pair have an impat on the apaity of arelaying network [18�22℄. When only one soure-destination pair in the net-work is ative, and all other nodes help relaying data from the soure, one



2.1 Overview and Motivations 25an analyze the ontribution of relays to the apaity, and the saling behav-ior of the apaity as the number of relaying nodes inreases. In Chapter 3,we address the following questions:
• How does the link apaity grow with the number of relays helping asoure-destination pair?
• What is the impat of the network topology, in partiular the positionof relaying nodes, on the link apaity performane?
• What is the impat of the physial environment, through re�etions,propagation attenuation and delays... on the link apaity perfor-mane?Cooperation and virtual MIMO an also ontribute to performaneimprovements in wireless ad ho networks. In the aforementioned models,nodes were onsidered to at independently and ooperation was redued topassive forwarding: nodes did not interat, but ould simply forward theirreeived signal. If more advaned proessing tehniques are allowed at thephysial layer and nodes an ooperate, one an expet the performane ofad ho networks to be improved. Indeed, in point-to-point ommuniations,MIMO tehniques allow to improve the reliability of ommuniations thanksto spatial diversity gains, and to inrease the spetral e�ieny through mul-tiplexing gains. When onsidering a network of wireless nodes and allowingthem to ooperate to jointly transmit information, a virtual MIMO systeman be built in a distributed way, and ooperation an enable the exploitationof MIMO gains. In Chapters 4 and 5, the following issues are dealt with:
• How an we design ooperative strategies to improve the throughputin ad ho networks while making e�ient use of the wireless resoure?
• What an we say on the apaity of a large multi-hop ooperativenetwork, where wireless nodes have virtual MIMO apabilities?2.1.2 Small Cooperative NetworksCooperative ommuniations our when distributed wireless nodes interatto jointly transmit information. Several radio terminals relaying signals foreah other form a virtual antenna array and their ooperation enables the



26 Chapter 2 Introdutionexploitation of spatial diversity in fading hannels, whih is then alled o-operative diversity. Cooperative strategies were �rst designed for networkswith small dimensions, whih represent the building bloks for larger ad honetworks. The most basi small ooperative networks are
• the relay hannel (f. Fig. 4.1(a)): one soure-destination pair helpedby a relay;
• the ooperative interferene hannel (f. Fig. 4.1(b)): two soure-destination pairs ooperating at transmit and/or reeive side.A plethora of ooperative strategies have been proposed for the relay hannelor the ooperative interferene hannel [23, 24℄, the most famous ones beingAmplify and Forward (AF), Deode and Forward (DF) and Compress andForward (CF) [25℄. The di�erene between those strategies lies in the pro-essing performed by the relaying node before retransmission (f. Chapter4). Most ooperative strategies have been designed to meet the pratialhalf-duplex onstraint: a radio terminal annot transmit and reeive simul-taneously in the same frequeny band, beause the power of the reeivedsignal is very low ompared to the power of the transmitted signal. There-fore, a relaying node uses orthogonal hannels respetively to reeive a signalfrom the soure, and to transmit its relayed signal. For example, in the re-lay hannel in Fig. 4.1(a), transmissions are divided into two bloks: in the�rst blok, the soure transmits and the relay and the destination reeive; inthe seond blok, the relay transmits its relayed signal and the destinationreeives. In the ase of the ooperative interferene hannel in Fig. 4.1(b),usually the two-blok sheme of the relay hannel is simply extended to afour-blok transmission sheme [25℄ by repeating twie the two-blok trans-mission sheme: a �rst two-blok sheme for the transmission of soure S1relayed by S2, followed by a seond two-blok sheme for the transmission ofsoure S2 relayed by S1. Not only does the resulting ooperative transmissionsheme meet the half-duplex onstraint, but it is also interferene-free. How-ever, although the use of orthogonal interferene-free hannels for soure andrelay transmissions simpli�es reeivers algorithms, it results in an ine�ientuse of the bandwidth. Indeed only half of the degrees of freedom are used fortransmission to eah destination. A natural idea to use of the degrees of free-dom more e�iently would be to relax the orthogonality onstraint, but anobstale appears straight: relaxing the orthogonality onstraint would lead



2.1 Overview and Motivations 27to the introdution of interferene in the system. Given those observations,in Chapter 4 we examine the following questions:
• Can we improve the spetral e�ieny of ooperative strategies by re-laxing the orthogonality onstraint while still meeting the half-duplexonstraint?
• How an we mitigate the interferene due to the relaxation of the or-thogonality onstraint?2.1.3 Large Cooperative NetworksThe unfavorable saling laws of the throughput in dense ad ho networksin [1℄ raised the question whether ad ho networks were only suited for smallnumbers of nodes or deployment in limited areas, or whether ooperativeommuniations at the physial layer ould allow ad ho networks to besustainably deployed for a large number of nodes. Consequently, [1℄ pavedthe way for reent researh works on saling laws in ad ho networks wherenodes have ooperative MIMO apabilities [26�37℄.In an ideal� but unrealisti� ad ho network, all nodes would be able toperfetly ooperate on a large sale and the network apaity would sale likein a perfet large MIMO system: linearly with the number of antennas [38℄.A more realisti yet meaningful approah onsists in grouping nodes in oop-erative lusters: nodes belonging to a ooperative luster ooperate to form avirtual antenna array and jointly transmit or reeive information to or fromother lusters. Then multi-hop ommuniations our between ooperativelusters, instead of single nodes as onsidered in [1℄. With the ooperativeapproah, some of the transmissions that appeared as interferene in [1℄ arenow seen as useful signals that an be jointly proessed by the nodes in aluster.A dense ad ho network is a very omplex system, whose performanemetris involve many variables and parameters. However, simulations arefortunately not the only way to gain some insight on how the performane ofthe system sales when the system dimensions inrease. Reently, RandomMatrix Theory (RMT) and Free Probability Theory (FPT) were disovered asappropriate theories to analyze/design omplex ommuniation systems andto reveal the relevant parameters impating their performane [39℄. Indeed,the transfer of information in a ommuniation system an often be modeled



28 Chapter 2 Introdutionby a random matrix equation of the type y = Hx + z, where x is the inputvetor, y is the output vetor, z is a noise vetor, and H is the transfer matrixof the system. For suh a system, most information-theoreti performanemetris an be shown to depend only on the eigenvalues and eigenvetorsof the transfer matrix H, and RMT and FPT provide useful results on theeigenvalues and eigenvetors of random matries with large dimensions thatan be applied to the analysis of large dimension ommuniation systems.Random matrix theory emerged with the works of Wishart [40℄, Wigner[41℄, and Mar£enko and Pastur [42℄, and was historially used in physis,before being applied in many other �elds. In wireless ommuniations, RMTwas �rst used to analyze the performane of ommuniation systems usingmultiple antennas, e.g. in [38, 43�45℄, and CDMA systems, e.g. in [46�48℄.In Chapter 5, we onsider a dense ad ho networks where nodes aregrouped in ooperative lusters, and using tools from RMT, FPT and linearalgebra, we address the following questions:
• What is the asymptoti apaity of the ooperative-luster system whenthe number of nodes in all lusters grow large?
• What are the relevant parameters impating the system apaity?
• How should nodes in a ooperative luster proess and transmit oop-eratively their wireless signals to maximize the system apaity?2.2 Contributions2.2.1 Chapter 3The ontribution of Chapter 3 is twofold. In the �rst part, we address theimpat of antenna diretivity on the throughput and onnetivity of a densenetwork with a large number of soure-destination pairs. In the seond part,we analyze the impat of the position and number of passive relaying nodeson the apaity of a system where a large number of relaying nodes supportthe ommuniation of a soure-destination pair.In Setion 3.2, a dense network of soure-destination pairs, where souresare equipped with diretional antennas, is onsidered. The �rst ontributionof Setion 3.2 is the proposition of a dynami blind beamforming shemethat allows to bene�t from antenna diretivity in a deentralized network,



2.2 Contributions 29while avoiding heavy feedbak to trak the position of nodes. The shemeis dynami and blind sine a soure points its diretive antenna suessivelyin all diretions to surely but blindly hit its destination without knowing itsexat position. We show that rotational diretivity has a positive impaton interferene redution, and thus on apaity: by fousing the transmittedpower suessively in di�erent diretions, the probability of interfering withother destinations, i.e. hitting a non-intended destination at the same timeit is reeiving a signal from its own soure, is low beause of both spatialfousing and asynhronism of all ommuniations. However, rotational di-retivity introdues some delay: when a soure is not beamforming in thediretion of its intended destination, time and power are wasted. These twoopposite e�ets lead to a apaity-delay trade-o� when adjusting the numberof rotations.The seond ontribution of Setion 3.2 is the analysis of the networkthroughput with dynami blind beamforming, and the omparison to thelassial ase where soures are equipped with omni-diretional antennas.We show that when the density of the network inreases, our dynami blindbeamforming sheme outperforms omni-diretional transmissions. Indeed,as the network density inreases, the throughput is interferene-limited andnarrower transmission beams are neessary to derease interferene. How-ever, when transmission beams beome narrower, a larger number of rota-tions of the soure antenna is neessary to over the whole spae, leadingto an inreased delay. For a given network density, the trade-o� betweeninterferene-redution and delay-inrease results in an optimal beam-widthand an optimal number of rotations maximizing the throughput of the net-work.The third ontribution of Setion 3.2 is the de�nition of a new onnetivityriterion, namely throughput-onnetivity, that aounts for interferene andfor the shared aess to the wireless resoure by nodes in the network. Thethroughput-onnetivity with a target rate R is the proportion of pairs inthe network to whih a throughput of R an be granted. For a target rate
R, the number of rotations and the beam-width maximizing the onnetivitydepend on the network density.In Setion 3.3, we examine a system where a soure ommuniates witha destination with the help of a dense network of passive relays. Relaysare modeled as dumb omnidiretional satterers, i.e. passive nodes withoutengineering apabilities that simply satter the inident eletromagneti waveoming from the soure antenna. The �rst ontribution of Setion 3.3 is the



30 Chapter 2 Introdutionformulation of a model taking into aount the physial environment throughre�etions, pathloss, delays and multi-path. We show that the asynhronousrelaying system an be modeled as a virtual multi-path hannel, where eahpath gain results from the ombination of signal ontributions from relaysbelonging to a relaying luster. Relaying lusters are de�ned by topologyand transmission properties, suh as bandwidth.The seond ontribution of Setion 3.3 is the derivation of the apaity ofthe system and its analysis as the number of relaying nodes inreases. It turnsout that apaity saturation ours when the number of nodes inreases:beyond a ertain number of relaying nodes, most of the power that ould bereovered at the destination thanks to relayed ontributions has already beenolleted� thus a saturation, and the inrease in apaity resulting from latepaths due to retransmissions from very far nodes beomes negligible. Waitingfor retransmissions from nodes loated very far from soure and destinationis not worth.The third ontribution of Setion 3.3 is the evaluation of the impat ofthe position of relaying nodes on their ontribution to apaity. Numerialresults show that a few relaying nodes well loated, lose to soure or desti-nation, lead to better performanes than a larger number of nodes uniformlydistributed between soure and destination.In the ontributions of Chapter 3, no ooperative interation betweennodes, other than passive relaying, was onsidered. The ontributions ofChapters 4 and 5 fous on the performane of wireless ad ho networks wherenodes have more advaned ooperation apabilities.Part of the work in Chapter 3 has been published in:
• "Improving Ad Ho Networks Capaity and Connetivity using Dy-nami Blind Beamforming", N. Fawaz, Z. Beyaztas, M. Debbah, D.Gesbert, In Pro. of the 67th IEEE Vehiular Tehnology Conferene,VTC Spring 2008, May 11-14th 2008, Singapore
• "Capaity and Positioning in Dense Sattering Environments", N. Fawaz,M. Debbah, D. Gesbert, In Pro. of the 8th IEEE Workshop on SignalProessing Advanes in Wireless Communiations, SPAWC 2007, June17-20th 2007, Helsinki, Finland
• "Capaity of Dense Sattering Environments", N. Fawaz, M. Debbah,D. Gesbert, In Pro. of IRAMUS Workshop, Jan. 25-26th 2007, Val-Thorens, FRANCE



2.2 Contributions 312.2.2 Chapter 4In Chapter 4, we study the ooperative interferene hannel with transmitooperation. The �rst ontribution of Chapter 4 is the development of novelooperative strategies that are more spetrally e�ient than lassial De-ode and Forward strategies. The proposed strategies relax the orthogonalityonstraint, yet preserve the half-duplex onstraint and allow all transmittedsymbols to bene�t from ooperative diversity. In the proposed strategies,the orthogonality-relaxation is inspired from network oding and is ahievedby allowing a transmitting node to ombine messages from di�erent originsin a single transmitted signal, with smart power alloation. The proposedstrategies are in ontrast with other strategies, alled non-orthogonal strate-gies, whih relax the orthogonality onstraint by allowing several nodes totransmit at the same time. Suh non-orthogonal strategies annot guarantythat both the half-duplex onstraint will be met and all transmitted signalswill bene�t from ooperative diversity.The seond ontribution of Chapter 4 is the introdution of Dirty Pa-per preoding in the proposed ooperative strategies, in order to mitigatethe interferene resulting from the orthogonality-relaxation. Indeed, eahsoure forms its transmitted signal by ombining its own message with amessage from the other soure, eah message being intended to a di�erentdestination. Thus the ombined messages at as interferene for eah other.However the interferene is known by the transmitting soure, whih an mit-igate it thanks to Dirty Paper Coding, a well-known tehnique to mitigateinterferene known at transmitter.The third ontribution of Chapter 4 is the evaluation of the relative meritof the proposed ooperative strategies with respet to lassial ooperativestrategies, in terms of spetral e�ieny. The omparison shows that thanksto a more e�ient use of the bandwidth, the proposed strategies improve thenetwork throughput with respet to lassial Repetition Deode and Forwardand Parallel Deode and Forward strategies.Chapter 4 laid the emphasis on improving the spetral e�ieny of oop-erative strategies in networks with a small number of ommuniating pairs.Chapter 5 fouses on the network performane when the number of ooper-ating nodes grows large.Part of the work in Chapter 4 has been published in:
• "When Network Coding and Dirty Paper Coding Meet in a Cooperative



32 Chapter 2 IntrodutionAd Ho Network", N. Fawaz, D. Gesbert, M. Debbah, in IEEE Trans.on Wireless Communiations, vol. 7, no. 5, May 2008
• "When Network Coding and Dirty Paper Coding Cooperate", N. Fawaz,D. Gesbert, M. Debbah, In Pro. of the 9th IEEE Winter Shool onCoding and Information Theory, Marh 12-16th 2007, La-Colle-sur-Loup, Frane2.2.3 Chapter 5In Chapter 5, we onsider a dense ad ho network with a large number ofsoure-destination pairs ommuniating with the ooperative support of alarge number of relays. Nodes are grouped in three types of ooperativelusters: soure luster, destination luster, relaying lusters. In eah oop-erative luster, nodes ooperate to form a virtual antenna array, and interatto jointly reeive or transmit information. The information �ows from thesoure luster to the destination luster through a series of intermediary re-laying lusters. This system forms a virtual MIMO multi-hop relay network.The hannel at eah hop is modeled by a blok-fading orrelated hannel ma-trix, and the proessing performed by eah luster is model by a preodingmatrix. To ease the analysis, a ouple simplifying assumptions are made,as a �rst step towards a future more omplete analysis: nodes in a lusterare assumed to form a perfet virtual antenna array, and ommuniations be-tween relaying lusters is assumed to be non-noisy. However, signals reeivedby nodes in the destination luster are assumed to be impaired by noise.The �rst ontribution of Chapter 5 is the derivation of a losed-formexpression of the asymptoti instantaneous end-to-end mutual informationbetween the input of the soure luster and the output of the destination lus-ter, as the number of nodes at all levels grow large with a �nite rate. Usingtools from random matrix theory and free probability theory, the instanta-neous mutual information per soure is shown to onverge to a deterministivalue as the system dimensions grow large. This asymptoti expression isshown to be independent from the hannel realizations and to only dependon the hannel statistis. Besides, in the asymptoti regime, the asymptotivalue of the instantaneous mutual information is shown to also serve as theasymptoti value of the average mutual information. Furthermore, we showthat with a �nite number of nodes, the system behaves losely to the asymp-toti regime, making the asymptoti formula a powerful tool to gain insight



2.2 Contributions 33on the system performane even when the dimensions are not in�nitely large.The seond ontribution of Chapter 5 onsists in providing the strutureof the optimal preoding matries, at eah luster, maximizing the end-to-end average mutual information under the assumption of loal statistial CSIat soure and relaying lusters. Our analysis shows that at eah luster, theright singular vetors of the optimal preoding matries are aligned to theeigenvetors of the reeive orrelation matrix of the bakward hannel, whilethe left singular vetors of the optimal preoding matries are aligned to theeigenvetors of the transmit orrelation matrix of the forward hannel.The third ontribution of Chapter 5 is the analysis of the network apa-ity in several ommuniation senarios in the ase of single-hop or multi-hopommuniations, and unorrelated or orrelated hannels. We show thatresults on the apaity of MIMO systems formerly derived by other au-thors [39, Setion 3.3.2℄, [39, Theorem 3.7℄ an be reovered by applyingthe aforementioned results on the asymptoti mutual information and theoptimal preoder struture to the ase of single-hop ommuniations. Wealso provide the expression of the asymptoti apaity in the ase of multi-hop ommuniations with unorrelated or exponentially orrelated hannels,and show that ooperative relaying improves the apaity per soure nodeeven when the network size inreases.The work in Chapter 5 has been published in part in:
• "Asymptoti Capaity and Optimal Preoding Strategy of Multi-levelPreode & Forward in Correlated Channels", N. Fawaz, K. Zari�, M.Debbah, D. Gesbert, In Pro. of the IEEE Information Theory Work-shop, ITW 2008, May 5-9th 2008, Porto, Portugaland has been submitted as:
• "Asymptoti Capaity and Optimal Preoding in MIMO Multi-HopRelay Networks", N. Fawaz, K. Zari�, M. Debbah, D. Gesbert, submit-ted to IEEE Trans. on Information Theory, De. 2008.As a onlusion, the link apaity performane in dense wireless ad honetworks an be improved, as long as nodes are empowered with ooperativeapabilities at the physial layer, and ooperative strategies are properlydesigned.



34 Chapter 2 Introdution2.3 PubliationsThe researh work performed during this thesis led to the publiations listedbelow.
• Journals� "Clip & Forward: Reahing the Min-Cut in Non-Coherent Wide-band Multipath Fading Relay Channels", N. Fawaz, M. Médard,in preparation for submission to IEEE Trans. on InformationTheory� "On the Asymptoti Capaity of Opportunisti Interferene Align-ment MIMO Networks", S. Medina Perlaza, N. Fawaz, S. Lasaule,M. Debbah, in preparation� "Asymptoti Capaity and Optimal Preoding in MIMO Multi-Hop Relay Networks", N. Fawaz, K. Zari�, M. Debbah, D. Ges-bert, submitted to IEEE Trans. on Information Theory, De.2008� "When Network Coding and Dirty Paper Coding Meet in a Co-operative Ad Ho Network", N. Fawaz, D. Gesbert, M. Debbah,in IEEE Trans. on Wireless Communiations, vol. 7, no. 5, May2008Note that two journal papers have not yet been submitted, thus theorresponding researh work, though lose to ompletion, ould not beinluded in this thesis.
• Conferenes� "Improving Ad Ho Networks Capaity and Connetivity usingDynami Blind Beamforming", N. Fawaz, Z. Beyaztas, M. Deb-bah, D. Gesbert, In Pro. of the 67th IEEE Vehiular TehnologyConferene, VTC Spring 2008, May 11-14th 2008, Singapore� "Asymptoti Capaity and Optimal Preoding Strategy of Multi-level Preode & Forward in Correlated Channels", N. Fawaz, K.Zari�, M. Debbah, D. Gesbert, In Pro. of the IEEE InformationTheory Workshop, ITW 2008, May 5-9th 2008, Porto, Portugal



2.3 Publiations 35� "Large system design and analysis of protools for deode-forwardrelay networks", L. Cottatellui, T. Chan, N. Fawaz, In Pro.of ICST 1st Workshop on Physis-Inspired Paradigms in WirelessCommuniations and Networks, WiOpt/PHYSCOMNET 2008, Mar.31st -Apr. 4th 2008, Berlin, Germany� "Capaity and Positioning in Dense Sattering Environments", N.Fawaz, M. Debbah, D. Gesbert, In Pro. of the 8th IEEE Work-shop on Signal Proessing Advanes in Wireless Communiations,SPAWC 2007, June 17-20th 2007, Helsinki, Finland� "When Network Coding and Dirty Paper Coding Cooperate", N.Fawaz, D. Gesbert, M. Debbah, In Pro. of the 9th IEEE WinterShool on Coding and Information Theory, Marh 12-16th 2007,La-Colle-sur-Loup, Frane� "Capaity of Dense Sattering Environments", N. Fawaz, M. Deb-bah, D. Gesbert, In Pro. of IRAMUS Workshop, Jan. 25-26th2007, Val-Thorens, FRANCE
• Tehnial Reports� "Large System Analysis of Relay Networks", L. Cottatellui, N.Fawaz, Chapter 5.3.2 in Deliverable DR6.1 of NEWCOM++WorkPakage WPR6, Apr. 2008� "Network Design and Optimization: Ad-Ho Network Infrastru-ture", N. Fawaz, Chapter 4 in Deliverable D1.3.2 of BIONETSWork Pakage WP 1.3, Aug. 2007� "When Network Coding and Dirty Paper Coding Meet in a Co-operative Ad Ho Network", N. Fawaz, D. Gesbert, M. Debbah,EURECOM Researh Report, RR-07-199, Sept. 2006



36 Chapter 2 Introdution



Chapter 3
Fators Improving Ad HoNetworks Performane

37



38 Chapter 3 Fators Improving Ad Ho Networks Performane3.1 IntrodutionWireless ad ho networks are deentralized ommuniation networks withouta �xed infrastruture or entralized administration, as opposed to ellularnetworks for example. In ad ho networks, wireless nodes are not only inharge of transmitting their own information, but also responsible for relay-ing pakets from other nodes, to the bene�t of the network. These networkshave the partiularity to be self-organized, autonomous and �exible systems.Thus ad ho networks an be deployed with a great �exibility on improvisedterrains, and are naturally relevant for defense and seurity appliations:dynami deployment in battle �elds, seurity and resue interventions, emer-geny deployment for example in the ase of a natural atastrophe whihdestroyed the pre-existing ommuniation infrastruture... Besides historialmilitary appliations of ad ho networks, ideas of ommerial appliationsstarted emerging reently, suh as on-road vehiular networks, ommunitymesh networks, gaming loal area networks, hybrid networks where ad honetworks would help extending the overage of ellular networks... The per-spetive of adopting ad ho networks in ommerial appliations has beenenouraged by the rapid expansion of IEEE 802.11 (WiFi) networks andWireless Sensor Networks (WSN).On the other hand, the topology of wireless ad ho networks an evolvein an unpreditable way and di�ulties our in those wireless networks be-ause of onstraints in energy autonomy, delay, reeived signal quality inpresene of interferene... For long, researh on ad ho networks fousedon high layer� link, network, and transport layers� issues in an extensiveway. In partiular, at the network layer, distributed algorithms are nees-sary to ope with frequent wireless topology hanges, that generate frequentupdates of routing tables. As a result, several adaptive routing protools forMobile Ad Ho NETworks (MANETS) were developed, suh as DSR (Dy-nami Soure Protool) [49℄, AODV (Ad-ho On-Demand Distane VetorRouting) [50℄, OLSR (Optimized Link State Routing Protool) [51℄, ZRP(Zone Routing Protool) [52℄... Nevertheless, in these works foused on rout-ing, the physial layer remains unhanged: transmissions at the physial layerare point-to-point though possibly multi-hop, wireless nodes are treated assingle proessing units, and ooperation between nodes is stritly limited tostoring and forward pakets.Reently, theoretial [1℄ and pratial [2℄ limits to the performane ofad ho networks were revealed, and they gave the impression that the per-



3.1 Introdution 39formane of ad ho networks was doomed to a dramati derease when thedensity of the network inreased. In [1℄, dense ad ho networks with n ran-domly plaed nodes, apable of transmitting at a rate W bits/seond andoperating in the multi-hop store-and-forward mode, were onsidered. It wasshown that the throughput per node T (n) dereased as Θ
(

W√
n log n

) when thenode density inreased. This dramati throughput saling in dense networksis due to the need for nodes to onurrently share the wireless hannel withneighboring nodes, thus the performane of suh dense ad ho networks isinterferene limited. However, these results were obtained under the assump-tions that transmissions at the physial layer were point-to-point multi-hoptransmissions between �xed wireless nodes, equipped with omni-diretionalantennas, and transmitting their signals independently without any ooper-ative interation. Given that observation and given that the performane athigh layers is upper-bounded by the performane at the physial layer, thefollowing questions naturally arise:
• Is it possible to improve the link apaity performane in dense ad honetworks through the use of more advaned tehniques at the physiallayer?
• What are the physial layer fators that an improve the link apaityperformane and what are their limits?Reent works revealed some of the fators improving the performane of adho networks, inluding antenna diretivity, node mobility, node positioning,ooperation. We review the aforementioned fators hereunder, and openthe way to our ontributions on the impat of antenna diretivity and nodepositioning in the following setions.3.1.1 Antenna Diretivity and BeamformingIn ad ho networks, in partiular dense thus interferene-limited networks,diretional antennas an improve performane when the destination positionis known [7�11℄. Indeed, diretive antennas have the apability to fous thetransmitted power in a given diretion, whih has a double positive e�et.First, fousing the power allows to inrease the transmission range of a nodeor the reeived power at the destination node, thus to ombat pathloss e�ets.This is partiularly helpful in low-density widely-spread ad ho networks,whose performane is known to be power/overage limited (f. Setion 5.1.1).



40 Chapter 3 Fators Improving Ad Ho Networks PerformaneSeond, by fousing the transmitted power in a narrow beam, the probabilityof a non-intended destination to be in the transmission beam is smaller thanwith omni-diretional antennas. Thus, the probability to interfere with anon-intended destination is lower with diretional antennas. This is all themore relevant in dense ad ho networks, whose performane is limited byinterferene (f. Setion 5.1.1).Nevertheless the use of diretive antennas requires the transmitter to haveknowledge of the position of the reeiver, in order to fous the transmissionbeam in the right diretion. In a high-mobility ontext, the feedbak requiredfor traking the loation of a large number of nodes inreases the transmissionprotool overhead [12�14℄, and thus redues the useful rate and onsequentlyleads to onsidering mainly omnidiretional antennas in ad ho networks.The question we address in Setion 3.2 is how to bene�t from diretionalantennas or beamforming while avoiding the feedbak load in dense ad honetworks.3.1.2 Node MobilityMobility an inrease the apaity of wireless ad ho networks [15,16℄. In [15℄,a network of n mobile nodes moving in a disk of unit area is onsidered.Assuming that node motion proesses are mutually independent and have astationary ergodi uniform distribution, it is shown that the average long-term throughput per soure-destination pair an have a onstant saling whenthe number of nodes inreases. The onstant saling is ahieved by having asoure split its data stream between many mobile nodes. Eah mobile nodearries a di�erent paket from the soure, and delivers it to the destinationwhenever its trajetory leads it near the destination. Therefore, mobile nodesappear as nodes with a time-varying hannel to the destination, and theydeliver only when their hannel quality is good, keeping the number of hopsper paket to two and interferene low. Beause of the large number ofnodes in the network, the probability that at least one mobile node is nearthe destination is high. Thus, mobility allows to exploit a form of multi-userdiversity through paket relaying. In [16℄ those saling results were shown tohold even when the nodes have a more restritive one-dimensional mobilitypattern. The onstant saling of the throughput obtained thanks to mobilityis far more enouraging than the throughput saling in �xed networks in [1℄.However, the previous throughput-saling results in [15,16℄ were obtainedunder the loose assumption of delay-tolerant appliations. The saling of the



3.1 Introdution 41delay in �xed and mobile ad ho networks was analyzed in [17℄, and theoptimal throughput-delay tradeo� were provided.
• For the �xed network desribed in [1℄, the throughput-delay tradeo�is D(n) = Θ(nT (n)), where D(n) and T (n) denote the average de-lay and throughput respetively. For an optimal throughput T (n) =

Θ
(

1√
n log n

), the delay inreases as D(n) = Θ

(
√

n
log n

). Fixed densenetworks are interferene-limited, therefore transmissions are on�nedto neighboring nodes to limit interferene, resulting in multi-hoppingand high delays.
• For the mobile network in [15℄, with a throughput saling as T (n) =

Θ(1), the delay sales as D(n)O(

√
(n)

v(n)
) where v(n) is the veloity ofmobile nodes. By moving, nodes an ome lose to eah other, whihallows to derease the number of hops per paket to two, i.e. theuse of a single relay per paket and lead to a onstant saling of thethroughput. Nevertheless the speed at whih the node moves beomesthe main fator impating the delay. Node veloity sales down as thedensity inreases� intuitively, when the density inreases, the area ismore rowded and nodes will move slower� thus the delay will inreaseas the network beomes denser.Mobility allows to improve ad ho networks throughput, but at the ostof an inreasing delay. The question arises to know whether other fatorsor tehniques ould further improve the performane of ad ho networks,without requiring an inreasingly large delay.3.1.3 Node PositioningConsidering a soure-destination pair in a �xed network, the number andposition of nodes relaying information for the pair has an impat on theperformane of the resulting system [18�22℄. The questions we pose in Setion3.3 are:

• How does the link apaity grow with the number of relays helping asoure-destination pair?
• What is the impat of the network topology, in partiular the positionof relaying nodes, on the link apaity performane?



42 Chapter 3 Fators Improving Ad Ho Networks Performane
• What is the impat of the physial environment, through re�etions,propagation attenuation and delays... on the link apaity perfor-mane?It turns out that when the number of non-noisy relaying nodes inreases,apaity saturation ours, more or less faster depending on the position ofrelaying nodes. Thus having a very large number of relays serving a om-muniating pair is not neessary, only a few well-loated relays per pair maybe su�ient. However, those results rely on the assumption that nodes donot interat, but simply forward their reeived signal as single isolated units.In a network with several ommuniating pairs, helped by several relays, al-lowing ooperation between nodes and enabling more advaned transmissiontehniques may be required for a sustainable saling of the throughput withthe network density.3.1.4 Cooperation and Virtual MIMOIn previous models, nodes were onsidered to at independently and were notallowed to ooperate atively to transmit information. Cooperative ommu-niations our when distributed wireless terminals interat to jointly trans-mit information. When several radio terminals relay signals for eah other,they form a virtual antenna system and their ooperation enables the ex-ploitation of gains, that are usually the prerogative of MIMO systems, suhas spatial diversity in fading hannels and multiplexing. Cooperation leadsto improved performane in wireless networks, and the reader is referred toChapters 4 and 5 for a more detailed disussion on ooperative networks andvirtual MIMO.Our ontributions on the impat of antenna diretivity and node position-ing on the performane of ad ho networks are presented in Setions 3.2 and3.3 respetively, while our ontributions on ooperation and virtual MIMOspan Chapters 4 and 5.3.2 Antenna Diretivity impat3.2.1 IntrodutionIn this setion, we analyze the impat of antenna diretivity on the through-put and onnetivity of a dense network.



3.2 Antenna Diretivity impat 43ContributionWe propose a dynami blind beamforming sheme whih allows to bene�tfrom antenna diretivity in large wireless ad ho networks while avoidingheavy feedbak to trak mobile nodes loalization, usually due to mobilityand density. The sheme is dynami and blind sine a soure uses a rotatingantenna suessively in all diretions to surely but blindly hit its destina-tion without knowing its exat position. If position is known with a ertainauray, for example thanks to limited feedbak, a soure an semi-blindlyform beams in a subset of diretions. Rotational diretivity has a major im-pat on interferene and thus on apaity: by fousing the transmitted powersuessively in di�erent diretions, the probability of interfering with otherdestinations, i.e. hitting a non-intended destination at the same time it isreeiving a signal from its own soure, is low beause of both spatial fousingand asynhronism of all ommuniations. Nevertheless when rotating theantenna, some time and power is wasted when the soure is not beamform-ing in the diretion of its intended destination. These two opposite e�etslead to a apaity-delay trade-o� when tuning the number of rotations. Weanalyze performane in terms of total network throughput and onnetivityand we show that our sheme an outperform omnidiretional transmissionsin interferene-limited dense ad ho networks both in terms of apaity andonnetivity. The optimal number of rotations, maximizing the network per-formane, depends on the density of the network and results from a trade-o�between delay and improvements in terms of interfereneRelated WorksReently Sharif and Hassibi [53℄ proposed a random beamforming sheme forthe Multi-user MIMO Broadast hannel in whih the transmitter onstrutsrandom beams and transmits to the users with the highest SINRs, fedbakto the transmitter. When the number of users inreases, the apaity wasshown to sale as with perfet CSI at the transmitter. Nevertheless thisrandom beamforming model relies on feedbaks from mobile units to a basestation in a ellular system and the served-destinations are hosen aordingto the quality of their link to the base station for a given set of randombeams.On the other hand Bettstetter et al. [54℄ showed that random beamform-ing in ad ho networks an improve reeived-power-onnetivity: soures send



44 Chapter 3 Fators Improving Ad Ho Networks Performanerandom beams in a random diretion they hose one and for all at the begin-ning and any node whose reeived power from a soure is above a thresholdis onsidered onneted to the soure. No soure and destination are assoi-ated in a ommuniating pair idea, i.e. a soure ignores not only the positionbut also the identity of the destinations. Any nodes whose signal reahes areeiver with a high enough power is onsidered onneted to the reeiver,and that model also ignores interferene that ours when two soures hit adestination at the same time. The reeived-power-onnetivity riterion doesnot take into aount interferene as an SINR (Signal-to-Interferene-plus-Noise Ratio) riterion would do, nor reliable deoding issues that are usuallyillustrated by apaity or BER (Bit Error Rate)..3.2.2 System ModelConsider the 2D-network of M ommuniating pairs {SiDi}i∈{1,...,M} uni-formly distributed over a square of area a2 square meters, illustrated in Fig.3.1. dji = SiDj denotes the distane between soure Si and destination Dj .All nodes are equipped with a single antenna, diretional at soures andomnidiretional at destinations.At time t = kT , the signal transmitted by soure Si is denoted xi(k)whereas yj(k) represents the signal reeived by destination Dj. The hannelbetween transmitter Si and reeiver Dj is represented by hji whih inludesthe e�ets of shadowing and slow �at fading. These hannel oe�ientsare modeled by independent irularly-symmetri omplex gaussian randomvariables with zero mean and variane σ2
ji, i.e. Rayleigh fading. zj denotesthe i.i.d irularly-symmetri omplex gaussian noise at destination Dj , withzero mean and variane σ2.Eah soure Si generates a sequene of pakets, and eah paket onsistsof Ns symbols si(m) , m ∈ {0, . . . , Ns − 1}. These symbols are modeledby independent identially distributed (i.i.d.) irularly-symmetri omplexgaussian random variables with zero mean.Soures have the ability to rotate their diretional antenna, seleting adi�erent transmission diretion at eah time-slot. The duration of a time-slotis NsT and orresponds to the transmission of the Ns symbols ontained ina paket. N denotes the number of times a soure rotates its diretionalantenna to transmit the same paket of Ns symbols repetitively in N time-slots, pointing at a di�erent diretion during eah time slot with a beamwidth
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N
. N = 1 orresponds to the ase where soure antennas are omnidi-retional and transmit a paket of Ns symbols only one. After N time-slots,the soure has sent the same paket N times in N suessive diretions, ov-ering the whole 2π-spae, like a lighthouse operating in a disrete fashion.Fig. 3.2.2 illustrate the blind beamforming sheme in a network with M = 3soure-destination pairs and N = 3 rotations. Note that when rotating theantenna, one annot swith at the symbol level, but only at the paket level.Indeed, swithing diretion at symbol level would reate a Doppler shift largerthan the bandwidth of the signal.Interferers GroupsConsider the ommuniating pair SiDi and an arbitrary paket. For eahsymbol si(m) in the paket that Si transmits N times, Di reeives the symbolonly one, during the time-slot when Di is loated in the rotating beam of

Si. Any other soure whose beam would over Di during the time-slot when
Di reeives a signal from Si belongs to the group Ii of interferers of Di. Asoure whose beam would over Di in a slot where Di is not reeiving anysignal from Si is not an interferer.In the omnidiretional ase N = 1, all other soures are interferers, there-fore ∀i ∈ {1, . . . , M}, Ii = {Sj/j 6= i} ontains M − 1 interferers. When
N > 1, rotating the antennas learly allows to derease the number of inter-ferers per destination with respet to the omnidiretional ase and the groupof interferers of a destination depends on the network topology and the initial
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3.2 Antenna Diretivity impat 47transmission diretion hosen by eah soure.When Di reeives a signal that does not ontain any omponent omingfrom Si, reognized for example thanks to an embedded signature identifying
Si, Di simply disards the reeived signal. One ould argue that in a statinetwork, when Di reognizes a signal omponent from Si, it ould send afeedbak to Si whih would then identify the diretion in whih to beamform.But in a high mobility ontext, traking Di moving position would lead toheavy overhead, whih our blind dynami beamforming strategy intends toavoid.When Di is in the transmission beam of Si at time t = kT , the reeivedsignal yi(k) at Di is the sum of the signals transmitted by Si and all souresin Ii �ltered by their respetive hannels, and noise zi(k).Transmitted Power and EnergyWe use the simple ideally-setorized diretional antenna model to desribethe gain pattern, as proposed in [54℄ Equation (4). As illustrated in Fig. 3.3,it is assumed that at time t, the transmit antenna of Si forms a beam of width
α in the diretion αi(t) with a ertain gain. αi(0) denotes the initial diretionhosen at random by Si during the �rst time-slot, then every time-slot, Sirotates its antenna anti-lokwise of an angle α to get the new diretion.Thus αi(t) = αi(0) + ⌊ t

NsT
⌋α.Eah soure has a power onstraint in the ontinuous time-hannel of

P0 Joule/s. In the omnidiretional ase, P0 is transmitted over the whole
2π spae with an angular density of power P0/2π, whereas in the diretionalase N > 1, P0 is foused in an angle α = 2π/N leading to the power angulardensity at time t in diretion θ:

∂Pi

∂θ
(θ, t) =

P0

α
1[αi(t)−α/2;αi(t)+α/2[(θ) (3.1)Indeed sine a soure transmits only in (1/N)th of the spae, it an inreaseits transmit power in its transmission beam to P0/α = NP0/2π and remainwithin its average power onstraint for the whole spae. The power angulardensity depends on time sine the transmit antenna rotates. On the ontrary,the total power transmitted by soure Si does not depend on time, nor onthe number of rotations N and respets the power onstraint by de�nition:

Pi =

∫ 2π

θ=0

∂Pi

∂θ
(θ, t)∂θ =

∫ αi(t)+α/2

θ=αi(t)−α/2

P0

α
∂θ = P0 (3.2)
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Figure 3.3: Transmission between Si and DjThe transmitted power is by de�nition Pi = ∂εi

∂t
, where εi is the energytransmitted by Si. Sine soure Si transmits the same symbol si(m) in Ntime intervals [(nNs + m)T, (nNs + m + 1)T ], n ∈ {0, . . . , N − 1}, the totaltransmitted energy for symbol si(m) is:

εi =
N−1∑

n=0

∫ (nNs+m+1)T

t=(nNs+m)T

Pi∂t = NTP0 (3.3)Thus in the rotational diretional ase N > 1, the transmitted energy is Ntimes greater than in the omnidiretional ase, but only part of the trans-mitted energy will be olleted at the destination, during the single time-slotwhere the destination is in the transmission beam.Reeived Power and EnergyThe e�etive aperture of the omnidiretional antenna at a destination is anarea Ae and the assoiated angular aperture is ∆θ, whereas θj represents Djangular position in polar oordinates in the plane as in �gure 3.3. We assumethat the e�etive aperture Ae is small with respet to distanes betweennodes, so that the variations of the angular aperture with the position of thenode an be negleted.The reeived power Pji(t) at Dj oming from Si depends on time, sinethe destination needs to be in the rotating beam to reeive power from Si.
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Pji(t) =

|hji|2
d2

ji

∫ θj+
∆θ
2

θ=θj−∆θ
2

∂Pi

∂θ
(θ, t)∂θ

=
|hji|2P0

d2
jiα

∫ θj+
∆θ
2

θ=θj−∆θ
2

1[αi(t)−α/2;αi(t)+α/2[(θ)∂θ

=

{
|hji|2
d2

ji

P0∆θ
α

if θj is in Si beam at time t

0 otherwise (3.4)
where ∆θ

α
represents the fration of power that the destination reeives fromthe beam of width α, due to the �nite size of the reeive antenna.

Si transmits a total energy εi for symbol si(m) during the N time intervals
[(nNs + m)T, (nNs + m + 1)T ], n ∈ {0, . . . , N − 1}, but Dj reeives energy
εji for symbol si(m) only during the time interval of duration T when Sibeamforms in the diretion of Dj , leading to the expression:

εji =
N−1∑

n=0

∫ (nNs+m+1)T

t=(nNs+m)T

Pji(t)∂t =
P0|hji|2∆θ

d2
jiα

T = Nεomni
ji (3.5)where εomni

ji =
P0|hji|2∆θ

d2
ji∗2π

T is the energy reeived by Dj for a symbol si(m)transmitted during only one in the omnidiretional ase. When N > 1 thereeived energy εji for symbol si(m) at Dj is N times greater than in theomnidiretional ase beause of the spatial fousing e�et of the diretionaltransmit antenna. Without a loss of generality, we will onsider that T = 1and simplify expressions in the sequel.3.2.3 Performane AnalysisIn this setion, we derive the performane riteria to ompare the dynamiblind beamforming strategy to the omnidiretional transmission in terms oftotal network throughput and throughput-based onnetivity.



50 Chapter 3 Fators Improving Ad Ho Networks PerformaneTotal Network ThroughputFor a ommuniating pair SiDi, the mutual information [55℄ between input
si and output yi at Di, aording to (3.5), is given by:

I(si; yi) = log

(

1 +
εii

σ2 +
∑

j∈Ii
εij

)

= log



1 +
ρN |hii|2∆θ

2πd2
ii

1 + ρ
∑

j∈Ii
N

|hij |2∆θ

2πd2
ij





(3.6)where the input SNR is ρ = P0/σ
2. Sine the soure hits its intended desti-nation only one in N suessive rotational trials, the throughput of user iis given by

Ci =
1

N
I(si; yi) (3.7)where the fator 1/N in front of the log aounts for the waste of time in thetransmission of a symbol.The total network throughput is given by:

C =
1

N

M∑

i=1

log



1 +
ρN |hii|2∆θ

2πd2
ii

1 + ρN
∑

j∈Ii

|hij |2∆θ

2πd2
ij



 (3.8)As previously mentioned, the use of rotating diretional antennas allowsto derease the number of interferers in a group Ii and to fous the power ina diretion, inreasing the reeived power at the destination. But the spatialfousing also makes an interferer hit a non-intended destination strongerthan in the omnidiretional ase. The greater N, the narrower the beamthus the smaller the number of interferers and the higher the useful reeivedpower, but also the stronger the power of interferene and the greater wasteof time, suggesting a trade-o�. The positive impat of the dynami blindbeamforming on the network throughput might not look obvious a priori,but it is shown in setion 5.6.Throughput-based ConnetivitySeveral de�nitions of onnetivity exist, they have in ommon that two nodesare said to be onneted if some riterion is above a threshold. In [54℄, onne-tivity is de�ned with respet to the level of reeived power, but this de�nition



3.2 Antenna Diretivity impat 51does not take into aount interferene. To take into aount interferene,an SINR-based de�nition of onnetivity an be onsidered. Nevertheless inthe ase of the dynami blind beamforming tehni we propose, de�ning theonnetivity in terms of SINR above a threshold would lead to ignore thewaste of time represented by the fator 1/N in the throughput formula. In-deed, it would be as if a pair was said to be always onneted with a ertainSINR, when the pair is atually disontinuously onneted, only one every
N time-slots.The Information-theoreti point of view of onnetivity, onsidering rateas the riterion to de�ne onnetivity, appears to be a more relevant and ap-propriate de�nition of onnetivity. In partiular, the notion of rate thresholdmakes sense in a quality-of-servie approah, where users have target ratesthat need to be satis�ed whatever happens. Inspired by [56℄ and taking intoaount the fator 1/N , we de�ne onnetivity with target throughput R asfollows: "A pair is onneted if the soure an ommuniate with its intendeddestination with a throughput at least R".The network throughput-based onnetivity κ is de�ned as the numberof onneted pairs divided by the number of pairs in the network, i.e. theproportion of pairs to whih a throughput R an be guaranteed:

κ =
|{i/I(si; yi) ≥ R}|

M
(3.9)3.2.4 Numerial ResultsIn this setion, numerial results are presented to ompare the di�erent trans-mission strategies. Monte-Carlo Simulations of 10, 000 di�erent topologieswere performed for di�erent values of input SNR ρ, load M/N , number ofpairs of nodes M in the network i.e. density. The edge of the area was

a = 100 meters and the ase of symmetri networks, i.e. in whih the fadingvarianes are idential σ2
ji = 1, was onsidered.Total Network ThroughputWe �rst analyze how the rotational diretivity impats the network through-put. Figures 3.4(b), 3.4(a) and (3.5) illustrate the total network throughputobtained by averaging the throughput over all generated topologies.Figure 3.4(a) shows the evolution of the network throughput when theload inreases, for di�erent values of N . The network throughput reahes a



52 Chapter 3 Fators Improving Ad Ho Networks Performanemaximum orresponding to an optimal load, then saturates when the loadof the network inreases. Nevertheless a high number of rotations N allowsto support a higher network throughput for a given load and to reah thesaturation level later when the load inreases.Figure 3.4(b) plots the throughput versus the density of the network,for di�erent values of N at high SNR. A similar behavior as in 3.4(a) -maximum then saturation - is observed, but the suessive intersetions of theurves show that the number of rotations maximizing the network throughputinreases progressively when the density inreases. Indeed at low densities,interferene ourring in the network is low and the impat of dynami blindbeamforming on interferene is not high enough to ompensate the 1/N fatorin front of the log in expression (3.8). On the ontrary, at higher densities,the network beomes interferene limited, omnidiretional transmission isnot optimal anymore and the improvements in SINR via redution of theinterferene thanks to dynami blind beamforming are important enough tomitigate the 1/N loss. We would like to point out that although we presentgraphs at high SNR only, for the sake of oniseness, the same behavior isobserved in the ase of lower input SNR, exept that intersetions our athigher densities.The gains in total network throughput thanks to dynami blind beam-forming for inreasing densities are learly illustrated in �gure 3.5, plottingthe network throughput versus the number of rotations N , eah urve rep-resenting a density δ. The urves at the bottom represent low densities, andthe urves move toward the top of the graph when density inreases. Clearlythere exists an optimal N whih maximizes the network throughput for eahdensity, illustrating the trade-o� between interferene redution and delay.Using the optimal N allows to dramatially improve the network sum-rate,from 30% at M = 60 pairs, up to 70% at very high densities (M = 350) withrespet to omnidiretional transmissions. As the density of the network in-reases, the optimal N inreases indiating that beams need to get narrower,but not too quikly so that improvements in terms of interferene are notdone at the expense of an in�nite delay.In large networks, omnidiretional transmissions are not optimal, and theuse of diretional antennas even blindly and dynamially allows to enhanethe network performane.



3.2 Antenna Diretivity impat 53Network ConnetivityIn terms of network onnetivity, a trade-o� is illustrated by �gure 3.6, whihplots the average onnetivity versus the density for di�erent N . Indeedurves an be grouped in two sets: for 2 ≤ N ≤ 12 onnetivity urvesare above the omnidiretional ase N = 1 and for N > 36 urves are be-low. When N inreases, onnetivity is inreased up to a ertain point,then inreasing N dereases onnetivity. Network onnetivity an thus beimproved thanks to dynami blind beamforming.3.2.5 ConlusionWe proposed a dynami blind beamforming tehnique that allows to bene�tfrom diretional antennas while avoiding the feedbak load for loalizationtraking in ad ho networks with a large number of nodes. We analyzed per-formane in terms of total network throughput and throughput-onnetivityand showed that our sheme an outperform omnidiretional transmissions inad ho networks. Depending on the density of the network, an optimal num-ber of rotations allows to maximize the network performane. This optimalnumber of rotations results from a trade-o� between introdution of delayand redution of interferene. In large ad ho networks, whih are known tobe interferene limited, omnidiretional transmissions are not optimal andthe use of diretional antennas even blindly and dynamially allows to �ghtagainst interferene and to enhane the network performane. Future workmay inlude analysis of the impat of limited feedbak of the positions on theperformane of dynami blind beamforming in partiular in a high mobilityenvironment.
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3.3 Node Positioning Impat 573.3 Node Positioning Impat3.3.1 IntrodutionIn this setion, we study the impat of the number and the position of nodeson the apaity of a wireless network.ContributionWe analyze a system where a dense network of satterers helps a soure toommuniate with a destination and we look at the network from a physi-al propagation point of view: relays are modeled as dumb omnidiretionalsatterers, i.e. passive nodes without engineering apabilities that simplysatter the inident eletromagneti wave oming from the soure antenna.Capaity expressions aounting for physial harateristis of the environ-ment (topology, frequeny band...) are provided and an asymptoti analysisis performed for an inreasing number of sattering nodes. We study howapaity sales when the number of sattering nodes inreases, as well asthe point at whih asymptoti regime is reahed depending on the nodespositioning. The apaity is shown to reah a saturation level in the asymp-toti regime. This saturation is due to the fat that signal ontributionsoming from peripheral nodes very far from soure and destination do notlead to muh inreased performane. Moreover the saturation point dependson the positioning of satterers, in partiular in wideband systems wheretopology impats apaity in terms of pathloss, delay and multipath. Wait-ing very long for retransmissions from an in�nite number of satterers is notworth and a few well loated satterers around soure and destination lead tobetter performanes than more satterers uniformly distributed on a squarearea between soure and destination. However saturation is obtained underthe assumption that relaying nodes are passive and do not interat whentransmitting their signals, and the apaity saling may be di�erent whenonsidering ative relays with virtual MIMO apabilities.Related WorksIn [57℄, a soure and destination both equipped with M antennas ommuni-ate with the help of K relays performing amplify and forward. When thenumber of relays K grows to in�nity, the apaity of the system sales as
C = (M/2) log K + O(1) when CSI is available at relays, while it sales as
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C = (M/2) log SNR + O(1) in the non-oherent setting, i.e. when no CSIis available at relays. Interestingly, apaity appears to reah a saturationlevel in the non-oherent ase as with the model onsidered in this hapter.Nevertheless, to the best of our knowledge no previous work foused on thesaling of apaity in dense wideband � thus with high resolution in timeand spae � networks of dumb satterers taking into aount topology notonly in terms of pathloss but also of multi-path. Moreover the environmentimpat on the saling laws, through re�etions, di�ration e�ets... has neverbeen studied in details, although this aspet is used for example in MIMOommuniations to reate di�erent spatial multiplexing streams, and we wentdeeper in the analysis in [18, 58℄.3.3.2 System ModelWe fous on a geometrial network model by onsidering a �nite squaregrid of satterers, equally spaed vertially and horizontally. Soure S andDestination D are loated on verties of the grid separated by a distane d0.Satterers ClusteringIn a wideband system, resolution in time and spae are high and propa-gation delays annot be negleted as in narrow band systems. Consider aband-limited input signal with band W and arrier frequeny fc, and let usmodel it as a omplex baseband proess of band W/2. Using the samplingtheorem, the input signal an be represented as a sampled omplex timeproess, with samples at sampling rate W = 1/T . We transmit the inputsignal in a fading hannel. At the output of the hannel, given samplingrate W , di�erential propagation delays larger than T = 1/W seonds an bedisriminated, whih orresponds to di�erential propagation distanes largerthan λs = c/W meters. In a wideband system, λs may be small omparedto the distane between ommuniating terminals and re�etors, thereforere�etions leading to di�erential propagation distanes larger than λs willappear at the destination as multiple paths arriving in di�erent time-slots.To take into aount propagation delays, satterers are grouped in Nclus lus-ters, depending on the time-slot of reeption of the sattered wave. Thus aluster gathers satterers whose sattered waves are reeived by D during thesame interval T .Considerer a square grid of satterers spaed by λs/2 = c/(2W ) vertially
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Figure 3.7: Relaying Clusters
and horizontally, where W is the sampling rate, and Soure S and DestinationD loated on verties of the grid separated by a distane d0 = mλs/2. Theshortest distane to go from soure to destination is the straight path with-out re�etion of length d0 and propagation duration τ0 = d0/c = (m/2)T .Cluster ∆0 ontains the straight path from soure to destination, as wellas the re�eted paths reeived during the �rst time-slot TS0 = [τ0, τ0 + T [.Those paths orrespond to waves propagating on a total distane, sum of thedistanes from S to the satterer and from the satterer to D between d0 and
d0+T : d

(s)
r +d

(d)
r ∈ [d0, d0+λs[. For i ≥ 1, Cluster ∆i ontains only satteredwaves, suh that (d

(s)
r + d

(d)
r ) ∈ [d0 + iλs, d0 + (i + 1)λs[. Those waves arereeived during the ith time-slot de�ned by TSi = [τ0 + iT, τ0 +(i+1)T [. Fora satterer k in luster i, the propagation delay of the sattered wave from Sto D via this satterer Rk,i will be denoted τk,i ∈ TSi. This duration onsistsof three parts: τk,i = τ0 + iT + τ ′

k,i with τ ′
k,i ∈ [0, T [. Note that the samplingrate being W = 1/T , the destination annot disriminate between the delays

τ ′
k,i ∈ [0, T [ of satterers in the same luster, thus the destination sees allre�eted paths from satterers in the same luster as a single ombined path.



60 Chapter 3 Fators Improving Ad Ho Networks PerformaneFig. (3.7) illustrates the lusters in the ase of a 13×13 grid and a soure-destination distane d0 = 4 λs/2. A luster is geometrially represented by asurfae bounded by two ellipses whose fous are S and D, and whose equationsare given by d
(s)
r + d

(d)
r = d0 + iλs and d

(s)
r + d

(d)
r = d0 + (i + 1)λs.Power AttenuationTo model the attenuation of propagating waves, the far �eld propagationmodel holding for distanes d ≫ λc

2 π
will be onsidered, where λc is thearrier wavelength. Sine fc ≥ W/2, the inequality λs ≥ λc/2 holds and thefar �eld ondition is ful�lled for distanes d ≥ λs/2. The power reeived byD depends on the path taken by the signal to reah D: one-hop diret pathfrom S to D without re�etion or two-hop-path from S to D via one satterer.Multiple re�etions before reahing D are not taken into aount.If no re�etion ours, the diret reeived power [59, 60℄ is

Pd =
λ2

c

(4π)2 d2
0

Prad = K2
1

λ2
c

d2
0

Prad (3.10)with Prad the power transmitted by the soure antenna and the onstant
K1 = 1/(4π).If one re�etion ours before reahing D, aording to the radar equation[59, 60℄ with omnidiretional antennas, the re�eted power reeived by D is

Pr =
λ2

c s

(4π)3 (d
(s)
r d

(d)
r )2

Prad = K2
2

λ2
c

(d
(s)
r d

(d)
r )2

Prad (3.11)where s is the radar ross setion, and K2 =
√

s/4πK1 =
√

s/(4π)3. Sat-terers an be seen as very minimalist and dumb wireless nodes with a veryrestritive power onstraint. They are minimalist beause they do not haveany engineering apabilities, they an only satter a wave; and their poweronstraint is restritive sine the only power available to them for transmis-sion is the power they olleted from the soure wirelessly.3.3.3 AnalysisSignal Expressions in Time DomainSoure S produes a sequene s(t) =
∑N−1

n=0 sn δ(t − nT ) of N omplex sym-bols with power E[|sn|2] = Prad at sampling rate W = 1/T (thus an average



3.3 Node Positioning Impat 61energy ε = Prad/W per symbol) and transmits a linearly modulated signalwith omplex envelope x(t) = s(t) ∗ g(t) =
∑N−1

n=0 sn g(t − nT ), where g(t) isthe pulse shaping �lter, satisfying Nyquist's riterion ∫ g(t)g∗(t − kT )dt =
δ0,k. We assume hereafter that g(t) is the retangle funtion of amplitude
1/
√

T over [0, T [. The reeived signal at D is the superposition of the signaloming diretly from S and the signals sattered one:
y(t) =

Nclus−1∑

i=0

∑

k∈∆i

ak,i x(t − τk,i) + n′(t) (3.12)where n'(t) is additive white Gaussian noise and oe�ients ak,i are given by(3.10) and (3.11):
ak,i =

{
K1

λc

d0
ejϕ0,0 for (k, i) = (0, 0) diret path

K2
λc

d
(s)
k,i d

(d)
k,i

ejϕk,i for (k, i) 6= (0, 0) re�eted path
ϕk,i ∈ [0, 2π[ are phase shifts due to propagation and re�etions. Phasesan be modeled as independent random variables provided nodes are su�-iently spaed. If the network beomes denser and denser, phases may notbe independent anymore but orrelated and should be expressed in funtionof optial path di�erenes, whih is out of the sope of this setion. Aftermathed-�ltering, the reeived signal beomes:

r(t) = y(t) ∗ g∗(−t) + n(t)

= s(t) ∗ g(t) ∗ g∗(−t) ∗
Nclus−1∑

i=0

∑

k∈∆i

ak,i δ(t − τk,i)

︸ ︷︷ ︸

h(t−τ0)

+ n(t)

r(t) = h(t) ∗ s(t − τ0) + n(t) (3.13)where we de�ne the satterers network equivalent hannel by:
h(t) =

Nclus−1∑

i=0

∑

k∈∆i

ak,i g(t − τk,i + τ0) ∗ g∗(−t) (3.14)Time shift τ0 in equation (3.13) illustrates the minimum propagation delayorresponding to diret path. D starts reeiving signals only τ0 seonds after



62 Chapter 3 Fators Improving Ad Ho Networks PerformaneS started emitting. The introdution of τ0 in the de�nition of h simpli�esnotations sine all the delays τk,i = τ0 + iT + τ ′
k,i ontain τ0.By sampling at rate W = 1/T , the reeived sequene is the onvolutionbetween the symbol sequene and the hannel impulse response (CIR):

rl = r(lT ) =

N−1∑

n=0

snh(lT − nT − τ0) + n(lT ) (3.15)
=

N−1∑

n=0

snhl−n−m/2 + nl (3.16)
=

Nclus∑

n=0

hn sl−n−m/2 + nlThe sum in (3.15) is �nite and ontains only Nclus + 1 non-null terms. In-deed, as shown in Appendix 3.A, the CIR has �nite length Nclus + 1 and itsoe�ients are given by:
h0 =

∑

k∈∆0

ak,0

(

1 −
τ ′
k,0

T

) (3.17)
hl =

∑

k∈∆l

ak,l

(

1 −
τ ′
k,l

T

)

+
∑

k∈∆l−1

ak,l−1

(
τ ′
k,l−1

T

) , for l ∈ 1, . . . , Nclus − 1

hNclus
=

∑

k∈∆Nclus−1

ak,Nclus−1

(
τ ′
k,Nclus−1

T

)

This means that the satterer network is equivalent to a multi-path fadinghannel, where eah path hl is the ombination of ontributions from satter-ers in lusters l and l− 1. Note that the m/2 �rst samples r0 = ...rm/2−1 = 0are null beause of the minimum propagation delay τ0 = mT/2. Undermatrix notation, the system an be redued to the equation
RN = HN SN + NN (3.18)where RN = [rm/2, ..., rN+m/2−1]

T , SN = [s0, ..., sN−1]
T , andNN = [n0, ..., nN−1]

Tare olumns of size N and the hannel is represented by the N × N lower
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HN =














h0 0 . . . . . . . . . 0... . . . . . . ...
hNclus

. . . . . . ...
0

. . . . . . . . . ...... . . . . . . . . . 0
0 . . . 0 hNclus

. . . h0














N×N

(3.19)
Asymptoti analysis for Capaity expressionThe apaity of the grid of satterers is de�ned [55℄ as:

C = lim
N→+∞

W

N
log2 det ( IN + ρHNHH

N ) (3.20)where ρ = Prad

Wσ2 = ε
σ2 is the SNR. Using Toeplitz and irulant matriesproperties, we show in appendix 3.B the following proposition:Proposition 1. Let {λk,N}k∈[0,N−1] denote the N-point DFT (Disrete FourierTransform) of the �rst olumn of matrix HN . Then the apaity of the gridof satterers is given by

C = lim
N→+∞

W

N

N−1∑

k=0

log2(1 + ρ|λk,N |2) (3.21)Expressing the average apaity in terms of the network physial har-ateristis is intriate. Nevertheless Jensen's inequality allows to give anupperbound (3.22) to the average apaity C̄ = Eϕ[C] in funtion of physi-al harateristis of the network
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(3.22)Besides at low SNR ρ = ε
σ2 , using Taylor expansion of the log around zero atorder 1 and performing some manipulations of (3.20), that we skip for sakeof oniseness and readability, C̄ an be written as
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(3.23)Those expressions illustrate the SNR-gain due to satterers in funtion ofthe topology and the system band. We would like to point out that thoseformulas are valid for any topology and are not spei� to the grid model,nor to the λs/2-node spaing.3.3.4 Simulations and ResultsIn this setion, numerial results illustrate the growth of average apaitywhen the number of satterers inreases. We onsider a wide band systemwith W = 2GHz and a arrier fc = 2GHz, at SNR ρ = 10dB, for di�erentvalues of distane d0. Satterers are loated on the verties of a square gridovering an area of 21λs/2 × 21λs/2. Nevertheless we onsider that the line(SD) does not ontain any satterer, sine when three nodes are aligned, onelink among the links S-R, S-D, R-D is bloked.The number of satterers is inreased in two di�erent ways:
• Centered-Grid Positioning : Nr satterers are uniformly distributedon the verties of a grid of size √Nr ×

√
Nr, entered on the midpointI between S and D. Inreasing Nr orresponds to inreasing the edgeof the square grid. The average apaity (3.21) obtained by Monte-Carlo simulations over many independent hannel realizations as wellas Jensen's upperbound (3.22) are plotted in Fig. (3.8) for the enteredgrid positioning.

• Optimal Positioning : Considering a grid 21 × 21, we selet the Nroptimal verties , i.e. the positions that give the highest apaity for agiven number Nr of satterers. Inreasing Nr orresponds to adding asatterer at the available vertex whih gives the next highest inreaseof apaity. Jensen's upperbound (3.22) only is plotted in this ase inFig. (3.8).Fig. (3.8) shows that the passive relaying ahieved by satterers allowsto inrease the apaity with respet to the ase without satterers, and thatapaity saturation ours as the number of satterers inreases. The level



3.3 Node Positioning Impat 65of saturation orresponds to a 30%-inrease in apaity at d0 = 3λs and
40%-inrease at d0 = 5λs. Saturation is due to the following reasons:

• satterers at as power olletors and forwarders. Indeed, the destina-tion has a �nite size antenna and does not reeive all the power that wasradiated omni-diretionally by the soure antenna. Satterers help thedestination by olleting part of the energy transmitted by the sourethat would be lost otherwise, and radiate it again.
• re�etion ahieved by satterers is di�use, not speular. Consequentlythe power olleted by a satterer is re�eted in broad range of dire-tions, whih is the reason why the power reeived at destination aftera re�etion on a satterer R dereases as 1

(ds
rdr

d)2
instead of only 1

(ds
d)2

forthe diret path.
• the destination, even helped by satterers, annot ollet more powerthan transmitted by the soure, whih represents a physial onstantupper-bound on the apaity. Given the di�use-nature of re�etion atsatterers and the onsequent power attenuation as 1

(ds
rdr

d)2
, the desti-nation will never be able to reover all the power transmitted by thesoure. Thus the atual saturation level of the apaity is lower thanthe apaity that would be obtained if the destination ould ollet allthe soure power.

• When the number of satterers inreases, the number of satteringlusters inreases and onsequently, the length of the hannel impulseresponse, as well as its delay-spread, inrease. Nevertheless, the pathswith the largest delays are due to satterers loated at an inreasingdistane from soure and destination, and thus with a strong pathlossattenuation. Signals oming from peripheral nodes very far from soureand destination lead to small ontributions. After a ertain point, mostof the power that ould be reovered at the destination thanks to sat-terers ontributions has already been olleted� thus a saturation, andthe inrease in apaity resulting from late paths due to retransmissionsfrom very far nodes is negligible.Note that allowing a little ooperation between nodes within a luster l toombine oherently their sattered signals would obviously lead to a gain inapaity, sine their sattered powers would add oherently in the path hl



66 Chapter 3 Fators Improving Ad Ho Networks Performaneand thus inrease the path gain. The hannel between suh a ooperativeluster and the destination would be similar to a MISO hannel and theoherent ombining would provide transmit diversity at the destination.Fig. 3.9 shows how the ontribution to SNR of eah satterer depends onits position. Satterers positions a�et the apaity not only in terms of pathloss but also of delay, leading to a notable di�erene between performanesin the entered-grid ase and the optimal positioning ase. A few sattererswell loated, lose to soure or destination aording to �g. (3.9), lead tobetter performanes than a large number of satterers uniformly distributedbetween soure and destination.3.3.5 ConlusionIn this ontribution, the link apaity in a sattering network is analyzedfrom a physial point of view, taking into aount harateristis suh astopology and transmission band. Asymptoti analysis shows that apaitysaturates when the size of the network inreases and that topology a�etsthe saturation point, in partiular in wide band systems where the impatof topology on apaity is not only a matter of pathloss but also of delaysthat annot be negleted. Capaity saturation suggests that it is not worthwaiting for in�nite retransmissions and that a few well loated satterersaround soure and destination lead to better performane than more sat-terers uniformly distributed on a square area entered between soure anddestination.
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3.4 Conlusion 693.4 ConlusionIn this Chapter, we presented physial layer fators whih an improve thelink apaity performane in wireless ad ho networks. We showed that ina dense network of soure-destination pairs, the use of diretional antennaseven blindly and dynamially allows to �ght against interferene and to en-hane the performane in terms of throughput and throughput-onnetivity.Considering a ommuniation between a soure and a destination with thehelp of a large number of passive relays, we studied the impat of the num-ber and position of relays on the apaity. It turned out that inreasing thenumber of passive relaying nodes does not inrease the system apaity indef-initely, but that saturation ours and that a few well loated relays aroundsoure and destination lead to better performane than a larger number ofrelaying nodes uniformly distributed.However, so far, nodes were onsidered as independent units, whih didnot ooperate to jointly transmit information. In next hapters, we turn toan ative ooperation mode, by allowing wireless nodes to interat. In Chap-ter 4, we onsider ooperative systems with small dimensions, as buildingbloks for larger ooperative systems, and analyze how ooperative protoolsan be designed to improve the network performane while making an e�-ient use of the available resoure. In Chapter 5, we onsider networks withlarger dimensions and see how virtual MIMO a�ets the apaity when thedimensions of the network grow large.



70 Chapter 3 Fators Improving Ad Ho Networks PerformaneAPPENDIX3.A Proof of CIR expressionIn this appendix, the proof of the CIR expression 3.17 is given.The hannel impulse response is de�ned by the oe�ients:
hl = h(lT ) =

Nclus−1∑

i=0

∑

k∈∆i

ak,i

∫

g(τ − τk,i + τ0)g
∗(τ − lT )dτ (3.24)By de�nition with a retangle transmitting �lter, the integral in (3.24) isnon null for a �nite set of values of l, more preisely l ∈ [0, Nclus], as shownhereunder:

∫

g(τ − τk,i + τ0) g∗(τ − lT )dτ =

∫

g(τ) g∗(τ + τ ′
k,i − (l − i)T )dτ

= f
(1)
k,l δi−l + f

(2)
k,l−1 δi−l−1 (3.25)with τ ′

k,i ∈ [0, T [, and f (1) and f (2) are de�ned by:for i ∈ [0, Nclus − 1] and k ∈ ∆i,

f
(1)
k,i =

∫

g(τ) g∗(τ + τ ′
k,i)dτ

= 1 − τ ′
k,i/T (3.26)

f
(2)
k,i =

∫

g(τ) g∗(τ − T + τ ′
k,i)dτ

= τ ′
k,i/T (3.27)Then ombining (3.24) and (3.25) leads to the oe�ients:

h0 = h
(1)
0 =

∑

k∈∆0

ak,0 f
(1)
k,0 (3.28)

hl = h
(1)
l + h

(2)
l−1 , for l ∈ [1, Nclus − 1]

=
∑

k∈∆l

ak,l f
(1)
k,l +

∑

k∈∆l−1

ak,l−1 f
(2)
k,l−1

hNclus
= h

(2)
Nclus−1 =

∑

k∈∆Nclus−1

ak,Nclus−1 f
(2)
k,Nclus−1



3.B Proof of Proposition 1 71Indeed, h is the superposition of two FIR (Finite Impulse Response) h(1) and
h(2), of length Nclus − 1, shifted by T with respet to eah other. Thus, h isof length Nclus. �3.B Proof of Proposition 1In this setion, we provide the proof of the asymptoti apaity expression(3.21) in Proposition 1. {HN}N∈N forms a sequene of banded Toeplitz ma-tries of order Nclus + 1 (non null oe�ients). We study their asymptotibehavior, i.e. for N ≫ Nclus. As in [61℄ we de�ne:

• the irulant matrix GN assoiated to HN :
GN =
















h0 0 . . . 0 hNclus
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N×N

• the sequene {AN}N∈N of hermitian matries AN = HNHH
N with nonnegative eigenvalues sets {αk,N}k∈[0,N−1]

• the sequene {BN}N∈N of hermitian matries BN = GNGH
N with nonnegative eigenvalues sets {βk,N}k∈[0,N−1]Aording to lemma 4.2 in [61℄, HN and GN are asymptotially equiva-lent, as well as HH

N and GH
N . Thus, by theorem 2.1.(3) in [61℄, their produtsare asymptotially equivalent: AN = HNHH

N ∼ GNGH
N = BN and by theo-rem 2.1.(6), there are �nite onstant m and M suh that m ≤ αk,N , βk,N ≤ M .In partiular AN and BN are nonnegative de�nite, so 0 ≤ αk,N , βk,N ≤ M .The apaity (3.20) an be written:

C = lim
N→+∞

W

N

N−1∑

k=0

log2(1 + ραk,N) (3.29)



72 Chapter 3 Fators Improving Ad Ho Networks PerformaneFrom (3.29) we de�ne the funtion F (u) = log2 ( 1 + ε
Wσ2 u), ontinuous on

] − Wσ2

ε
, +∞[ and thus on the interval [0, M ] bounding the eigenvalues αk,Nand βk,N . {AN}N∈N and {BN}N∈N being asymptotially equivalent sequenesof hermitian matries, then Theorem 4 in [61℄ allows to onlude that

lim
N→+∞

1

N

N−1∑

k=0

F (αk,N) = lim
N→+∞

1

N

N−1∑

k=0

F (βk,N) (3.30)and to rewrite the apaity (3.29) as
C = lim

N→+∞

W

N

N−1∑

k=0

log2(1 + ρβk,N) (3.31)Now GN is a irulant matrix, thus diagonalizable in the Fourier basis,leading to the diagonal matrix CN = FN GN F−1
N = diag(λ0,N , . . . , λN−1,N)and the eigenvalues {λk,N}k∈[0,N−1] given by the DFT of the �rst olumn ofGN :

[λ0,N , ..., λN−1,N ]T = FN [h0, ..., hNclus−1, 0, ..., 0]T(N×1)where FN = ( e−
j2π(n−1)(ν−1)

N )n,ν∈{1...N} is the N-point DFT matrix. Express-ing BN in funtion of CN givesBN=F−1
N CNCH

N FN = F−1
N diag(|λ0,N |2, . . . , |λN−1,N |2)FNso that βk,N = |λN,k|2, whih substituted in (3.31) leads (3.21). �
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74 Chapter 4 Cooperation in Small Dimension Networks4.1 Introdution4.1.1 MotivationIn wireless ommuniations, multi-path propagation leads to hannel fad-ing whih an impair ommuniations. Multiple-antenna systems an turnmulti-path fading into a bene�t for users, by sending a data stream over inde-pendent fading hannels and reombining the multiple opies properly at thereeiver. Indeed the probability of losing a signal dereases when the num-ber of independent random fadings it experienes inreases: this is know asspatial diversity. Nevertheless, ahieving spatial diversity requires the mul-tiple antennas to be unorrelated, thus su�iently spaed� in the order ofhalf the wavelength. As an example, UMTS (Universal Mobile Teleommu-niations System) transmissions our in the 2GHZ frequeny band, whihorresponds to a wavelength of 15 m, and the antennas need to be spaedby at least 7.5 m, whih is hard to build in small mobile devies.When a signal is transmitted wirelessly, the broadast nature of the wire-less link allows di�erent wireless terminals to overhear the signal. A naturalidea to exploit spatial diversity is to apitalize on the broadast nature of thewireless link, by allowing several terminals to pool their antennas together tobuild a distributed multiple antenna systems. Cooperative ommuniationsour when distributed wireless nodes interat to jointly transmit informa-tion. Several radio terminals relaying signals for eah other form a virtualantenna array and their ooperation enables the exploitation of spatial di-versity in fading hannels, whih is then alled ooperative diversity.The use of distributed antennas allows:
• to provide spatial diversity bene�ts without the need for physial ar-rays, though at a loss of spetral e�ieny due to the pratial half-duplex mode;
• to largely enhane performane in terms of dereased transmit powerfor a given reliability or inreased reliability for a given transmit power.Several ooperative strategies already exist [23, 24℄. The simplest andmost famous ones exploiting ooperative diversity are Amplify and Forward(AF), Deode and Forward (DF) and Compress and Forward (CF) [25℄.These strategies di�er by the proessing that the relay performs on its re-eived signal before forwarding it:
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• Amplify and Forward (AF): the relay ampli�es the noisy signal it re-eived, i.e. multiplies its reeived signal by a onstant subjet to itspower onstraint. The main advantage of AF is the simpliity of thesignal proessing operated by the relay, while its main drawbak lies inthe ampli�ation and retransmission of noise;
• Deode and Forward (DF): the relay detets and deodes the reeivedsignal aording to a given algorithm and re-enodes the informationinto its transmitted signals. Several algorithms an be used: repeti-tion oding (RDF), parallel hannel oding (PDF), spae-time oding(STC)...;
• Compress and Forward (CF): the relay forwards a ompressed or quan-tized version of its reeived symbols.The performane of the previous ooperative strategies an be furtherimproved when oupled with the following tehniques:
• Seletion Relaying: the relay adapts its retransmission aording tothe realized value of the fading between soure and relay. The relayforwards its reeived signal only if the soure-relay hannel is above aertain threshold. In the ase of AF and CF, seletion relaying allowsto avoid forwarding too noisy symbols, while in the ase of DF it allowsto avoid forwarding inorretly deoded symbols.
• Inremental Relaying: In lassial ARQ the soure retransmits if it re-eives a negative aknowledgment via feedbak. Inremental relayingis an extension of ARQ to relay-based ommuniations, where limitedfeedbak from the destination is exploited: the relay forward its re-eived signal only if the destination ould not deode. By avoidinguseless repetitions, inremental relaying allows the degrees of freedomof the hannel to be used more e�iently.Sine radio terminals annot transmit and reeive simultaneously in thesame frequeny band, most ooperative strategies are based on the half-duplex mode. When onsidering the relay hannel S-R-D in Fig 4.1(a), witha soure S, a relay R and a destination D, eah transmission is divided intotwo bloks: in the �rst blok, the soure transmits and the relay and the des-tination reeive; in the seond blok the relay retransmits and the destinationreeives.
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D(a) Relay hannel: one soure, one relay,one destination
S1 D1

S2 D2(b) Cooperative Interferene Channel:two ooperating soures and two destina-tionsFigure 4.1: Small dimension ooperative networksNow let us onsider the four-node network in Fig. 4.1(b) with two soures
S1 and S2 transmitting in a ooperative fashion to two destinations D1 and
D2 as in [25℄. The previous transmission sheme is repeated twie, �rstfor the relay hannel S1 − S2 − D1 and seond for the relay hannel S2 −
S1 − D2 as desribed in Fig. 4.2 and Fig. 4.3 (b), resulting in a four-bloktransmission. The use of orthogonal interferene free hannels for souresand relays transmissions simpli�es reeivers algorithms but results in a lossof bandwidth. Relaxing the orthogonality onstraint may help improving thespetral e�ieny of the network, but it will also lead to the introdution ofinterferene in the system.Given those observations, we examine hereafter the following questions:

• Can we improve the spetral e�ieny of ooperative strategies by re-laxing the orthogonality onstraint while still meeting the half-duplexonstraint?
• How an we mitigate the interferene due to the relaxation of the or-thogonality onstraint?4.1.2 ContributionOrthogonality in lassial ooperative strategies is two-fold, as illustrated inFig. 4.3 (b):
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• inter-devie orthogonality: S1 and S2 do not transmit signals simul-taneously. S1 and S2 use Time Division Multiple Aess (TDMA) toaess the medium in orthogonal subspaes, and thus avoid interfer-ene. Moreover this orthogonality allows to respet the half-duplexonstraint. Indeed, if S2 transmitted at the same time as S1, S2 wouldnot be able to reeive the symbols from S1, and thus ould not relaythem later.
• intra-devie orthogonality: S1 transmits di�erent signals� own souresignal and relayed signal� in orthogonal subspaes.Relaxation of the orthogonality onstraint an thus be two-fold, and we dis-uss eah possibility of relaxing orthogonality hereafter.Non-Orthogonal strategies relax the inter-devie orthogonality: At-ing on the �rst type of orthogonality, inter-devie orthogonality, onsists inmaking two devies aess the link at the same time. For example, S1 trans-mits a new message while S2 is relaying a former message from S1. This leadsto ooperative strategies known as non-orthogonal strategies. However, non-orthogonal strategies annot both meet the half-duplex onstraint and makeall soure symbols bene�t from ooperative diversity. Indeed if the half-duplex onstraint is met, when S2 is relaying a message from S1, S2 annotreeive at the same time the new message transmitted by S1. Consequently,half the messages transmitted by S1 annot be relayed. Moreover, the or-thogonality onstraint leads to interferene between the signals transmittedsimultaneously.Combination strategies relax the intra-devie orthogonality: At-ing on the seond type of orthogonality, intra-devie orthogonality, onsistsin superposing signals from di�erent origins in a single signal transmitted bya single devie. For example, S1 produes a signal ombining its own messagewith a former message reeived from S2. This leads to strategies that we allombination strategies, that reall tehniques used at the network layer inorder to use e�iently the degrees of freedom of a system, namely NetworkCoding (NC).Indeed, loss of bandwidth issues have been takled at higher layers thanksto network oding [62�67℄. Pakets arriving at a node on any edge of a net-work are stoked into a single bu�er. At eah transmission opportunity, an
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Figure 4.3: Time division hannel alloations for (a) orthogonal direttransmissions, (b) usual orthogonal ooperative transmissions () proposedsheme: analog network oding ooperative transmissionsoutput paket is generated as a random linear ombination of pakets inthe bu�er within "urrent" generation [68℄. Inspired by network oding,onsider a four-node ooperative network using "network preoding" in atwo-blok transmission sheme, where in eah single blok one soure simul-taneously transmits and relays as in Fig. 4.3 () and Fig. 4.4:
• �rst blok: S1 sends a single signal f1(s1(n), s2(n−1)) whih is a fun-tion of both its own message s1(n) and a message s2(n − 1) reeived,deoded and re-enoded by S1 in the seond blok of previous trans-mission (repetition of the odeword - RDF - or use of an independentodeword -PDF), now relayed for S2. S2, D1 and D2 reeive. Sine S2knows the message in s2(n − 1), it an extrat s1(n), if it also knowsthe mixing funtion f1.
• seond blok: S2 sends a single signal f2(s2(n), s1(n)) whih is afuntion of both its own message s2(n) and a message s1(n) reeived,deoded and re-enoded by S2 in the �rst blok of the urrent trans-mission, now relayed for S1. S1, D1 and D2 reeive. Sine S1 knowsthe message in s1(n), it an extrat s2(n), if it also knows f2.Funtions f1 and f2 are the network preoding funtions whih help im-proving ommuniation in terms of bandwidth. Knowing f1 and f2 allowssoures S2 and S1 to easily anel interferene and extrat the message theywill have to relay in next blok. But unfortunately, improving the bandwidthutilization has a ost: the introdution of interferene at destinations D1 and
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D2. In the �rst blok, s2(n−1) is intended to D2 as relayed signal and ats asinterferene for D1, whih is only interested in s1(n); reiproally, s1(n), in-tended to D1, generates interferene for D2 interested in s2(n−1). A similarinterferene problem ours in the seond blok. Nevertheless, interfereneis known at transmitter, thus one an design the preoding funtions to takeinto aount this issue. In partiular Dirty Paper Coding (DPC) [69℄, a well-known oding tehnique to mitigate interferene known at transmitter, mayhelp NC. We may expet DPC network preoding to help improving band-width e�ieny in a ooperative network as well as mitigating interferene,thus enhaning performane with respet to usual ooperative shemes.Our main ontributions are to bring network oding in the analog domainat the physial layer, to provide novel ooperative protools with better spe-tral e�ieny, and to analyze their performane in terms of network through-put and throughput per node. Thanks to Analog Network Coding ombinedwith Dirty Paper preoding, the orthogonality onstraint is relaxed, allowingto save time ompared to lassial DF protools, and interferene resultingfrom non-orthogonality is mitigated. As a result, bandwidth resoure is usedmore e�iently and the spetral e�ieny of the system is improved. Anal-ysis show that our ooperative strategies signi�antly outperform lassialorthogonal DF protools [70�72℄.4.1.3 Related workAs mentioned in the previous setion, non-orthogonal strategies allow sev-eral devies, soures and relays, to transmit at the same time. In [73℄ non-orthogonal Amplify and Forward (NAF) protools - yet preserving the half-duplex onstraint - are proposed. In NAF, orthogonality onstraint is relaxedby letting a soure transmit new symbols when a relay is retransmitting for-mer symbols it reeived from the soure. NAF turns out to improve perfor-manes with respet to lassial AF. Nevertheless with NAF, beause of thehalf-duplex onstraint, only half of the symbols an be relayed and bene�tfrom ooperative diversity. In the sheme we proposed, orthogonality be-tween soure and relayed signals is also relaxed, half-duplex preserved, butall symbols bene�t from ooperative transmission.In ombination strategies, several messages from di�erent origins are bun-dled in a single transmitted signal. In [74℄ a ooperation strategy was pro-posed for two transmitters and one destination. Eah soure transmits bothinformation of its own and of its partner, orthogonally superposed using or-



82 Chapter 4 Cooperation in Small Dimension Networksthogonal spreading odes, and this sheme is shown to improve user apaity.Nevertheless, a ommon destination is assumed for the ooperating pair, thehalf-duplex onstraint is not taken into aount, and ooperative periods aredivided into two parts: slots where soures transmit only their own signaland slots where they send a ooperative signal. Our proposed sheme is moree�ient, beause no orthogonality onstraint is imposed for soure and re-layed signal separation. In [75℄ oded ooperation (CC) is introdued in asystem with two soures and one destination and is shown to outperform AFand RDF. However this sheme relies on the frame separation of the souresignal and the relayed signal, leading again to bandwidth loss, and a ommondestination is assumed, a partiular ase of ooperative system.All these works onsidered a ommon destination and did not addressinterferene mitigation issues arising in multi-soure multi-destination o-operative ad ho system. In [70�72℄, we addressed this issue by proposingmore spetrally e�ient ooperative strategies, obtained by both relaxingthe orthogonality onstraint and mitigating the onsequent interferene. Re-ently [76℄ studied AF with analog network oding and showed that jointrelaying and network oding an enhane the network throughput.Introdued in [69℄, DPC is a well-known oding tehnique to mitigate in-terferene known at transmitter. DPC was also onsidered in relay networks,eg. in [77�80℄, as joint oding between ooperating pairs, or to mitigate in-terferene at relay. In [77℄ DPC transmit ooperation sheme su�ers fromloss of bandwidth due to the orthogonal ooperation hannel used to ex-hange transmit messages between the two soures and whose ost is nottaken into aount. In [78℄, an orthogonal ooperation hannel is also used,and DPC is jointly performed by the two transmitters ating like a MIMOBroadast. In [79℄, a full duplex S-R-D network is onsidered, in whih thesoure S sends a signal onsisting of two omponents, one intended to therelay R and one intended to the destination D. In this relay network, DirtyPaper preoding is used at soure to mitigate the interferene aused at therelay by the seond omponent. On the ontrary, in our ooperation sheme,NC takes are of interferene at the relay, whereas DPC is used at soureand at relay to mitigate interferene aused at destinations. In [80℄ DPC isonsidered for full-duplex transmit ooperation, with the soures jointly de-iding the odewords both will ombine in their transmit signals, whih needssome signaling to agree on the odewords, not taken into aount in the re-soure expenses. Besides the DPC-ordering is �xed before power alloationoptimization, whih impats the individual rates and makes one destination



4.2 System Model 83use forward-deoding and the other bakward-deoding. On the ontrary, asin [25℄ we onsider a TDMA sheme, but with a time shift between the de-oding of reeived signals at destinations, allowing to respet the half-duplexonstraint, while NC allows to maintain a ontinuous �ow of information in-teresting both destinations. Therefore our strategies are the �rst to manageombining the half-duplex onstraint in the [25℄-fashion and the ontinuoustransmission of data interesting all destinations in the [80℄-way. Moreoverin our shemes, eah soure hooses its odewords alone, without needing toknow what the other hose and both soures selet the best DPC-orderingsas part of the optimization, whih they an ahieve alone as long as hannelinformation is available. Finally both destinations an use forward-deodingand do not to need to wait until the end of a frame of odewords to deodebakward the �rst odeword sent.4.2 System ModelTo apture the gain resulting from the NC approah, we onsider that allterminals are equipped with a single antenna. Consider the four node networkin �g. 4.1(b). Eah soure Si , i ∈ {1, 2} generates a sequene si(n) , n ∈
{1, .., N}. These symbols are modeled by independent identially distributed(i.i.d.) irularly-symmetri omplex gaussian random variables, with zeromean and variane εs = E[|si(n)|2]. With a transmission bandwidth W ,there are W omplex symbols per seond. At time t = k/W , k ∈ N, thesignal transmitted by Si is denoted xi(k) whereas ySi

(k) and yDj
(k) representthe signals reeived by soure Si and destination Dj respetively, with i, j ∈

{1, 2} . Finally fi represents the network oding funtion performed at Si.Those funtions an be of any kind, not neessarily linear. We �rst fous ona�ne funtions � and then we develop a general network oding approah... To simplify the analysis and the detetion at destinations, we �rst fouson funtions fi performing a linear operation on symbols s1 and s2. Then aDPC approah is onsidered and shown to outperform the other strategies.As desribed in setion 4.1 and Fig. 4.3 (), NC ooperative ommunia-tion divides eah transmission into two bloks.
• First blok at even time indexes k = 2n, signals transmitted by S1



84 Chapter 4 Cooperation in Small Dimension Networksand reeived by other terminals are:
x1(2n) = f1(s1(n), s2(n − 1))

yS2(2n) = hS2S1 x1(2n) + zS2(2n)

yDj
(2n) = hDjS1 x1(2n) + zDj

(2n) , j ∈ {1, 2}

• Seond blok at odd time indexes k = 2n+1, signals transmitted by
S2 and reeived by other terminals are:

x2(2n + 1) = f2(s1(n), s2(n))

yS1(2n + 1) = hS1S2 x2(2n + 1) + zS1(2n + 1)

yDj
(2n + 1) = hDjS2 x2(2n + 1) + zDj

(2n + 1) , j ∈ {1, 2}The hannel between transmitter u ∈ {S1, S2} and reeiver v ∈ {S1, S2, D1, D2}is represented by hvu whih inludes the e�ets of path-loss, shadowing andslow �at fading. These hannel oe�ients are modeled by independentirularly-symmetri omplex gaussian random variables with zero-mean andvariane σ2
vu, i.e. Rayleigh fading. zv(k) are i.i.d. irularly-symmetri om-plex gaussian noises at reeivers, with variane σ2. Blok-fading is assumed:hannel gains are onstant during a oherene blok, and vary indepen-dently from one blok to another. Eah soure has a power onstraint inthe ontinuous time-hannel of P Joules/s and transmits only half of thetime, both in the orthogonal interferene-free ooperation shemes and inthe proposed NC ooperation shemes. Thus the power onstraint translatesinto Pi = E[|xi(n)|2] ≤ 2P

W
. Sine a soure transmits only part of the time,it an inrease its transmit power in its transmission blok and still meet itsaverage power onstraint for the whole transmission.Finally, eah destination is assumed to have perfet CSI of its two inom-ing hannels from soures, whereas soures are assumed to have knowledge ofthe amplitudes of all hannels and perfet CSI of the soure-soure hannel.The knowledge of soure-destination hannel amplitudes an be obtained atsoures thanks to feedbak from destinations (the rate of CSI is usually lowerthan the data rate) one destination nodes have determined the hannel gainson their respetive inoming links. Note that blok-fading is onsidered andwe assume that CSI is available at transmitting nodes. Thus soures anperform rate-adaptation: at eah blok, a transmitter an selet a ode ofappropriate rate depending on the urrent blok hannel ondition. This



4.3 Preoding Method 85variable-rate oding sheme [81℄ will have an average throughput equal tothe ergodi rate that would be obtained if the hannel varied fast enough fora odeword of in�nite length to experiene enough independent fading states.4.3 Preoding Method4.3.1 Linear PreodingIn Linear Network Coding for RDF, S1 detets s2(n− 1) in the signal trans-mitted by S2 and re-enodes it using the same odeword. Then S1 forms itstransmitted signal x1(n) as a linear ombination of its own odeword s1(n)and the repeated s2(n − 1). The same proess happens at S2. Thereforefuntion fi an be represented by a matrix Fi of size Nt × Ns, i.e. (numberof transmit antennas at soure) times (number of symbols on whih fi ats).In the single antenna senario, Fi = [fi1, fi2] is a row of size 2. Transmittedsignals are thus:
x1(2n) = F1 [s1(n), s2(n − 1)]T = f11s1(n) + f12s2(n − 1)

x2(2n + 1) = F2 [s1(n), s2(n)]T = f21s1(n) + f22s2(n)In Linear NC ooperation sheme, the power onstraint beomes Pi =
εs‖Fi‖2

F ≤ 2P
W
. We will onsider preoding funtions suh that ‖Fi‖2

F = 1,i.e. fi does not inrease the power transmitted by soure Si but shares itbetween the soure message and the relayed message.Remark : orthogonal TDMA transmissions without relaying an be seenas a partiular ase of network oding where F1 = [1, 0] and F2 = [0, 1].Orthogonal interferene-free ooperation [25℄ is also a partiular ase of oursheme where F1 = [1, 0] and F2 = [1, 0] during two bloks, and then F2 =
[0, 1] and F1 = [0, 1] during the next two bloks.4.3.2 Dirty Paper PreodingSine interferene resulting from NC approah is known at the transmitter,more advaned NC funtions an inlude deoding and re-enoding with DPCof messages intended to di�erent destinations [82℄. In Dirty Paper NC forPDF, S1 deodes the message arried by s2(n−1) and re-enodes it using anindependent Gaussian odebook. More preisely, in order to use dirty paperoding, S1 �rst orders destinations based on hannel knowledge. Then S1



86 Chapter 4 Cooperation in Small Dimension Networkspiks a odeword for the �rst destination, before hoosing a odeword for theseond destination, with full non-ausal knowledge of the odeword intendedto �rst destination. Thus the seond destination does not see interfereneaused by the odeword for the �rst destination, whereas the �rst destinationwill see the signal intended to the seond destination as interferene. Thesignal transmitted by S1 is the sum of the two odewords, with power sharingaross the two odewords taking into aount hannel knowledge. S2 willproeed the same way in the following blok. The ordering of destinationshosen at eah soure a�ets performane. Transmitted signals thus beome:
x1(2n) = f11s1(n) + f12s

′
2(n − 1)

x2(2n + 1) = f21s
′
1(n) + f22s2(n)where f 2

ij stands for the power alloated by soure Si to the odeword in-tended to destination Dj, and s′j is the independent odeword produed by asoure ating as relay after deoding the message arried by sj . Destinationsare assumed to know the orderings (eah soure an with a single bit indiatethe ordering it seleted).4.4 Performane AnalysisIn this setion, the average rates, as well as the network throughput and thethroughput per user are analyzed.4.4.1 Orthogonal Interferene-Free RDF and PDFFor ooperative hannels in Fig. 4.3 (b), using RDF the mutual informationbetween input s1 and output yD1 at D1 is [25℄:
IRDF (s1; yD1) =

1

2
min{ log(1 + ρ|hS2S1 |2),

log
(
1 + ρ|hD1S1|2 + ρ|hD1S2 |2

)
}

(4.1)where the input SNR is ρ = εs/σ
2 = 2P/(Wσ2), and the fator 1/2 is due tothe two hannel-uses to send a message. Mutual information IRDF (s2; yD2)between input s2 and output yD2 at D2 is given similarly. Half the degreesof freedom are alloated for transmission to a destination - eah destination



4.4 Performane Analysis 87is passive half of the time when the signals transmitted do not ontain in-formation intended to that destination- therefore the throughput of the �rstuser is 1
2
IRDF (s1; yD1) and the total network throughput using RDF is:

CRDF =
1

2
IRDF (s1; yD1) +

1

2
IRDF (s2; yD2) (4.2)Using PDF, mutual information between s1 and yD1 is [83℄:

IPDF (s1; yD1) =
1

2
min{log(1 + ρ|hS2S1 |2),

log(1 + ρ|hD1S1 |2) + log(1 + ρ|hD1S2 |2)}
(4.3)Mutual information IPDF (s2; yD2) atD2 is also given by a similar formula [83℄.The total network throughput of PDF is given by:

CPDF =
1

2
IPDF (s1; yD1) +

1

2
IPDF (s2; yD2) (4.4)4.4.2 Linear NC RDFFor our proposed network oding ooperative sheme in Fig. 4.3 (), whenthe network oding funtions are linear transformations, mutual informationbetween input s1 and output yD1 at destination D1 an be shown to be:

ILNC(s1; yD1) =
1

2
min

{
log
(
1 + ρ|hS2S1f11|2

)
,

log

(

1 + ρ
|hD1S1f11|2

1 + ρ|hD1S1f12|2
+ ρ

|hD1S2f21|2
1 + ρ|hD1S2f22|2

)

}
(4.5)In the minimum in equation (4.5), the �rst term represents the maximumrate at whih relay S2 an deode the soure message s1 after aneling theinterferene known at the relay (interferene is due to the symbol s2 the relayemitted previously), whereas the seond term represents the maximum rateat whih destination D1 an deode given the transmissions from soure S1and relay S2.A similar formula gives the mutual information between input s2 andoutput yD2 at destination D2, with appropriate hanges:

ILNC(s2; yD2) =
1

2
min

{
log
(
1 + ρ|hS1S2f22|2

)
,

log

(

1 + ρ
|hD2S2f22|2

1 + ρ|hD2S2f21|2
+ ρ

|hD2S1f12|2
1 + ρ|hD2S1f11|2

)

}
(4.6)



88 Chapter 4 Cooperation in Small Dimension NetworksIn the NC approah, all degrees of freedom are used for transmissionto eah destination. No time is wasted from the destination point of view,thus the throughput of the �rst user is ILNC(s1; yD1) and the total networkthroughput for this strategy is :
CLNC = max

{fij}i,j∈{1,2}
|f11|2 + |f12|2 ≤ 1
|f21|2 + |f22|2 ≤ 1

ILNC(s1; yD1) + ILNC(s2; yD2) (4.7)
The optimization problem turns out to be a non-onvex problem, both forLinear NC and for DPC in next setion, so that lassial onvex optimizationtehniques annot be used to �nd a losed-form expression of the poweralloation sheme. Moreover, beause of limitations due to the quality ofthe soure-relay link, the MAC-BC duality [84℄ annot be used to solve theoptimization problem as in non-ooperative systems. Finding the optimalpower alloation sheme between transmitted and relayed signals at eahsoure is di�erent from BC power alloation problem, beause power terms

f 2
11 and f 2

22 appear in the apaity of the links between the two soures, �rstterms in the minimums in formulas (4.5), (4.6), (4.8), so that the poweralloation sheme maximizing the sum-rates of the two BC hannels betweena soure and the two destinations may not be the same as the one maximizingthe sum-rate of the ooperative system.4.4.3 Dirty Paper NC PDFThe mutual information between a soure message and the reeived signalsat the intended destination depends on the two orderings Π1, Π2 of desti-nations for DPC hosen by both soures. Knowing all hannel amplitudes,eah soure an ompute alone the DPC orderings maximizing the networkthroughput. Sine a relay uses an independent odeword to re-enode thesignal it reeived from the previous soure, the total network throughput forthis ooperation sheme belonging to the family of PDF an be written :
CDPC = max

Π1, Π2, {fij}i,j∈{1,2}
|f11|2 + |f12|2 ≤ 1
|f21|2 + |f22|2 ≤ 1

IDPC(s1; yD1) + IDPC(s2; yD2)



4.5 Numerial Results 89with :
IDPC(s1; yD1) =

1

2
min

{
log
(
1 + ρ|hS2S1f11|2

)
,

log(1 + SINR11) + log(1 + SINR21)}

IDPC(s2; yD2) =
1

2
min

{
log
(
1 + ρ|hS1S2f22|2

)
,

log(1 + SINR12) + log(1 + SINR22)}

(4.8)
where SINRij is the Signal-to-Interferene plus Noise ratio resulting fromthe signal transmitted by Si at Dj:

SINRij =

{
ρ|hDjSi

fij|2 , if Si does DPC in favor of Dj
ρ|hDjSi

fij |2

1+ρ|hDjSi
fi j̄ |2

, if Si does DPC in favor of Dj̄4.5 Numerial ResultsIn this setion, numerial results are presented to ompare the di�erent oop-eration strategies. Fig. (4.5) and (4.6) illustrate average per user throughputand total network throughput obtained through Monte Carlo Simulations(1000 hannel realizations), in the ase of symmetri networks, i.e. wherethe fading varianes are idential σ2
vu = 1. Optimal power alloations andorderings Πi were obtained numerially by exhaustive searh. Average indi-vidual throughput and outage probability are the same for both users, sinethey are assumed to have the same power onstraints and the network issymmetri.4.5.1 Average ThrouhputsFig. (4.5) ompares RDF [25℄ and Linear NC for RDF that we propose, andshows that our tehnique based on Linear Network oding performs muhbetter in terms of per user throughput, thanks to a more e�ient use ofspetral resoures as well as power resoures. Fig. (4.6) plots the per userthroughputs for PDF [25℄ and our DPC-NC for PDF. One again, the NCbased strategy enhanes performane in terms of individual throughput.Finally �g. (4.5) and (4.6) also allow to ompare the total networkthroughput of all tehniques, and show neat improvements in the networkperformane thanks to NC methods. Thanks to smart power sharing between



90 Chapter 4 Cooperation in Small Dimension Networksthe soure and relayed signals, even with repetition oding, and inreasedspetral e�ieny, Linear NC enhanes onsiderably performane omparedto lassial RDF and PDF. Using a more advaned oding tehnique, DPC,to mitigate interferenes generated at destination by the NC methods leadsto even better results.4.6 ConlusionInspired by network oding, we proposed new ooperative strategies for adho networks, whih improve the spetral e�ieny of the ooperative sys-tem by relaxing the orthogonality onstraint, while preserving the pratialhalf-duplex onstraint. The introdution of interferene between soure andrelayed messages, when onsidering non-orthogonal transmission sheme, ismitigated thanks to preoding at transmitter. We presented two preodingapproahes, linear NC with RDF and Dirty-Paper NC with PDF, relevanttehnique sine the transmitter knows the interferene. Thanks to preoding,linear or Dirty Paper based, the ost of the NC approah - introdution ofinterferene - is less than the resulting gain in terms of spetral e�ieny,and the performane analysis shows signi�ant improvements in terms ofthroughput over lassial RDF/PDF ooperative strategies.Future work may inlude solving the optimization of the power alloationand DPC ordering in partiular senarios of relative hannel gains, developingof a seletive strategy to irumvent limitations due to the soure-relay link,extending the strategies to multiple-antenna nodes, in partiular assessinghow beamforming an improve performane, and last but not least extendingthe ooperative strategies to a large network with several soure-destinationpairs.
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Figure 4.5: Comparison of Per user and Network Throughputs of lassialRDF and LNC ooperative methods
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94 Chapter 5 Cooperation in Large Dimension Networks5.1 Introdution5.1.1 MotivationWhen onsidering a large ad ho network, where multiple soure-destinationpairs ommuniate simultaneously, the performane salability with respetto the number of nodes, size or density of the network is a ruial issue [85℄.Due to the inreasing interferene generated by an inreasing number of om-muniating pairs, it may turn out that ad ho networks are only appropriatefor short range ommuniation systems. In order to avoid the interferene-limited behavior when the network density inreases, some hybrid shemesombining ellular and ad ho networks have been onsidered as a onvenientalternative [3�5℄. However, following the development of MIMO systems, an-other alternative to ombat the interferene-limited behavior started emerg-ing: ooperative virtual MIMO networks, where wireless nodes interat toform a virtual antenna array.In the following, we �rst review the performane results of ad ho net-works [1, 86℄ without ooperation between nodes. Then, we address the po-tential gains resulting from the ooperative approah in ad ho networks.Interferene-limited dense networksThe pioneering work by Gupta and Kumar [1℄ on the apaity of wireless adho networks paved the way to many researh works on the saling laws oflarge networks. Considering a dense ad ho network with n nodes apable oftransmitting at W bits/seond, loated in a disk of unit area, they showedthat the performane of the network was limited by interferene and de-reased dramatially as the density of the network inreased. More preisely,they showed that
• when the n nodes are randomly loated, the transport apaity sales as

Θ(W
√

n), and the throughput per node sales as Θ
(

W√
n log n

) bits/seond;
• when the n nodes are optimally plaed, and the tra� pattern andeah transmission range are optimally hosen, the throughput per nodesales as Θ

(
W√

n

).Based on those results, the deployment of very dense ad ho networks ap-peared to be not desirable and the authors reommended to onsider ad ho



5.1 Introdution 95networks with a small number of nodes, or networks where nodes ommuni-ate via multi-hopping only with nearby nodes. Nevertheless, their analysisrelied on the assumption that transmissions happened in a point-to-pointmulti-hop path between a soure and its destination and that signals trans-mitted by di�erent nodes and reeived simultaneously at a node representedinterferene impairing the ommuniation. This assumption modeled eahnode as an isolated signal-proessing unit, to whih all surrounding nodeswere potential interferers, and thus ignored the potential gains that ouldarise, at the physial layer, from ooperation between nodes and virtualMIMO.
Transmission-Range-limited wide networksIn [86℄, Xie and Kumar onsidered an ad ho network where n nodes wereloated on a plane with a minimum separation distane between nodes, re-sulting in network with a �xed density but growing size when the number ofnodes n inreased. They showed that under the assumption of equal per-nodepower onstraints, the transport apaity saled linearly with the number ofnodes for pathloss exponents greater than 6, and that the linear saling ouldbe ahieved by deode-and-forward point-to-point multi-hopping, treatingother simultaneous transmissions as interferene. Their work initiated a se-ries of works [87�90℄, eah work improving progressively the range of pathlossexponents for whih a linear saling of the transport apaity was possible,until pathloss exponents greater than 4 in [89℄.In networks with a �xed density and an inreasing area when the num-ber of nodes inreases, the distane between soure and destination tendsto inrease. When the pathloss attenuation is fast enough, ommunia-tion is impaired less by interferene than by the transmission range thatthe transmitted power allows to reah. Optimal saling being possible withsimple multi-hopping, onsidering more omplex transmission sheme mayappear irrelevant. Nevertheless, in the regime of slow pathloss attenuation�pathloss exponent between 2 and 4 � where interferene may play a largerrole as in dense networks, the saling law of the transport apaity is still anopen problem, and gains at the physial layer may be possible through theuse of more advaned transmission tehniques.



96 Chapter 5 Cooperation in Large Dimension NetworksCooperative virtual MIMOIn a ad ho network, when distributed wireless nodes interat to jointlytransmit or reeive information, they form a virtual antenna array and theirooperation enables the exploitation of MIMO gains [91℄. Indeed, in regularpoint-to-point ommuniations, MIMO tehniques are known to be able toimprove
• spetral e�ieny: a spatial multiplexing gain is provided by the simul-taneous transmission of independent data streams over di�erent anten-nas, and results in a linear inrease of the apaity with the minimumnumber of transmit and reeive antennas;
• reliability: a spatial diversity gain is provided by making a data streamexperiene several independent fadings, e.g. with Spae-Time-Codes.In a ideal ad ho network, where all nodes ould perfetly ooperate bothat transmission and reeption, one ould expet the network to behave likea perfet MIMO system. The total apaity would then grow linearly withthe number of node pairs as in the point-to-point MIMO hannel [38℄. How-ever perfet transmit/reeive ooperation has a ost, in partiular it requiresperfet synhronization between ooperating nodes and extensive hannelknowledge, whih is impossible in pratie. Making suh a perfet oop-eration assumption over the whole network is unrealisti, yet a reasonablealternative onsist in dividing the network in several ooperative lusters.Eah luster would gather nodes ooperating in a loal area to form a virtualantenna array and virtual MIMO transmissions would then our in multi-ple stages between these ooperative lusters. This approah o�ers a wayto leverage the broadasting nature of the wireless link, and di�ers from [1℄essentially in that simultaneous transmissions are not treated as interferenein a point-to-point ommuniation setting [1℄, but as useful signals that arejointly and ooperatively proessed at nodes within a luster. Note that inellular networks, urrent researh e�orts to improve the performane of el-lular systems suggest a tendeny towards lusters of base stations ooperatingto form virtual antenna arrays serving mobile users.In this hapter, we onsider a dense ooperative ad ho network, wherenodes are grouped in three types of ooperative lusters:
• a soure luster, onsisting of soure nodes ooperating to form a virtualtransmit antenna array;
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• a destination luster, gathering destination nodes ooperating to forma virtual reeive antenna array;
• a series of intermediary relaying lusters, between soure and destina-tion lusters, eah gathering relay nodes ooperating to form a virtualrelay antenna array.This system forms a virtual MIMO multi-hop relay network. Deriving theapaity of suh a omplex network involves many parameters and variablesand is intriate. Fortunately, random matrix theory and free probability the-ory provide useful mathematial results on the eigenvalues and eigenvetorsof large random matries, that an be applied to the �eld of wireless ommu-niations in order to analyze omplex ommuniation systems [39℄. Indeed,the transfer of information in a ommuniation system an often be modeledby an equation y = Hx + z, where x,y, and z are respetively the input,output, and noise random vetors, and H is the random transfer matrixof the system. For suh a system, most information-theoreti performanemetris an be shown to depend only on the eigenvalues and eigenvetors ofthe transfer matrix H, therefore RMT and FPT appear relevant theories togive insight on the saling behavior of these performane metris when thesystem dimensions inrease. Moreover, the self-averaging e�et of randommatries with large dimensions has be shown to be able to reveal the rele-vant parameters impating the performane ommuniation shemes. As a�rst step towards a future more omplete analysis of the performane of adho networks with ooperative lusters, we start the analysis by making somesimplifying assumptions. We assume that nodes in a luster an perfetlyexhange information, and that hannel knowledge intrinsi to the luster�hannels between nodes within a luster� is available at all luster nodes.Thus in eah luster, nodes form a perfet virtual antenna array. We alsoassume non-noisy ommuniations between relaying lusters. Under thosesimplifying assumptions and using tools from random matrix theory and freeprobability theory, we address, in this hapter, the following questions:
• What is the asymptoti apaity of the ooperative-luster system whenthe number of nodes in all lusters grow large?
• What are the relevant parameters impating the system apaity?
• How should nodes in a ooperative luster proess and transmit oop-eratively their wireless signals to maximize the system apaity?



98 Chapter 5 Cooperation in Large Dimension Networks5.1.2 ContributionWe onsider an N-hop MIMO relay ommuniation system wherein datatransmission from k0 soure antennas to kN destination antennas is madepossible through N − 1 relay levels, eah of whih are equipped with ki, i =
1, . . . , N − 1 antennas. In this transmission hain with N + 1 levels, it isassumed that eah relay reeives a faded version of the multi-dimensionalsignal transmitted from the previous level and, after preoding, retransmits itto the next level. We onsider the ase where all ommuniation links undergoblok Rayleigh �at fading and the fading hannels at eah hop (betweentwo adjaent levels) may be orrelated while the fading hannels of any twodi�erent hops are independent.Using tools from the free probability theory and assuming that the noisepower at the relay levels, but not at the destination, is negligible, we �rstderive a losed-form expression of the asymptoti instantaneous end-to-endmutual information between the soure input and the destination output, asthe number of antennas at all levels ki, i = 1, . . . , N − 1 grows large. Thisasymptoti expression is shown to be independent from the hannel realiza-tions and to only depend on the hannel statistis. Therefore, as long asthe statistial properties of the hannel matries at all hops do not hange,the instantaneous mutual information asymptotially onverges to the samedeterministi expression for any arbitrary hannel realization, with two ma-jor onsequenes. First, in the asymptoti regime the mutual information isnot a random variable any more but a deterministi value representing anahievable rate. This means that when the hannel is random but �xed at thebeginning of the transmission blok, and the system size is large enough, theapaity in the sense of Shannon is not zero, on the ontrary to the apaityof small size systems [38, Setion 5.1℄. Seond, given the stationarity of han-nel statistial properties, the asymptoti instantaneous mutual informationobtained in the non-ergodi blok-fading regime also serves as the asymptotivalue of the average end-to-end mutual information between the soure andthe destination. The expression of the asymptoti average mutual informa-tion is the same as the asymptoti ergodi mutual information that would beobtained if the hannel was an ergodi proess. Intuitively, the time-domainergodiity is reovered in the spatial domain when the dimensions of thesystem grow large.We also obtain the singular vetors of the optimal preoding matriesthat maximize the average mutual information of the system with a �nite



5.1 Introdution 99number of antennas at all levels. It is shown that the singular vetors ofthe optimal preoding matries are also independent from the hannel real-izations and an be determined only using statistial knowledge of hannelmatries at soure and relays. The so-obtained singular vetors turn out tobe also optimal in the asymptoti regime of onern. Therefore, ombiningasymptoti mutual information expression and optimal preoding singularvetors will pave the way for future work on optimal power alloation, i.e.�nding the optimal preoding singular values.Finally, we apply the aforementioned results on the asymptoti mutualinformation and the struture of the optimal preoding matries to severalommuniations senarios, with di�erent number of hops, and types of han-nel orrelation. These examples illustrates the gains resulting from the o-operative luster approah and reveal the few relevant parameters impatingthe apaity of ooperative dense ad ho networks.5.1.3 Related worksMIMO relay ommuniation systems have reently attrated muh attentiondue to their potential to substantially improve the signal reeption quality,in partiular when the diret ommuniation link between the soure and thedestination is not reliable. Due to its major pratial importane as well asits signi�ant tehnial hallenge, deriving the apaity - or bounds on theapaity - of various relay ommuniation shemes is growing to an entire�eld of researh. Of partiular interest is the derivation of apaity boundsfor systems in whih the soure, the destination, and the relays are equippedwith multiple antennas. Reent works using random matrix theory and freeprobability theory to derive saling laws in multi-hop MIMO relay networkswith large dimensions (nodes, antennas...) started emerging.Several works foused on the apaity of two-hop relay networks, suhas [26�31, 92℄. Assuming �xed hannel onditions, lower and upper boundson the apaity of the two-hop MIMO relay hannel were derived in [26℄.In the same paper, bounds on the ergodi apaity were also obtained whenthe ommuniation links undergo i.i.d. Rayleigh fading. The apaity ofa two-hop MIMO relay system was studied in [27℄ in the asymptoti asewhere the number of relay nodes K grows large while the number of trans-mit and reeive antennas M remains onstant. In this setting, the apaitywas shown to sale as C = (M/2) log K + O(1) when CSI is available atrelays. The saling behavior of the apaity in two-hop amplify-and-forward



100 Chapter 5 Cooperation in Large Dimension Networks(AF) networks was analyzed in [28�30℄ when the numbers of single-antennasoures, relays and destinations grow large. The ahievable rates of a two-hop ode-division multiple-aess (CDMA) deode-and-forward (DF) relaysystem were derived in [93℄ when the numbers of transmit antennas and re-lays grow large. In [31℄, an ad ho network with several soure-destinationpairs ommuniating through multiple AF-relays was studied and an upper-bound on the asymptoti apaity in the low Signal-to-Noise Ratio (SNR)regime was obtained in the ase where the numbers of soure, relay and des-tination nodes grow large. The saling behavior of the apaity of a two-hopMIMO relay hannel was also studied in [92℄ for bi-diretional transmissions.In [94℄ the optimal relay preoding matrix was derived for a two-hop re-lay system with perfet knowledge of the soure-relay and relay-destinationhannel matries at the relay.Following the work in [44℄ on the asymptoti eigenvalue distribution ofonatenated fading hannels, several analysis were proposed for more gen-eral multi-hop relay networks, inluding [32�37℄. In partiular, onsideringmulti-hop MIMO AF networks, the tradeo�s between rate, diversity, andnetwork size were analyzed in [32℄, and the diversity-multiplexing tradeo�(DMT) was derived in [33℄. The asymptoti apaity of multi-hop MIMOAF relay systems was obtained in [34℄ when all hannel links experienei.i.d. Rayleigh fading while the number of transmit and reeive antennas,as well as the number of relays at eah hop go to in�nity with the samerate. Finally, reent works onsidering ooperative lusters in ad ho net-works started emerging [36,37℄. In [36℄ a ollaborative sheme was proposedfor networks with n-nodes in the �xed reeived SNR regime�whih inludesdense networks � with a saling of the per-node throughput in Ω( 1
n1/3 ).In [37℄ hierarhial virtual MIMO networks were studied, the saling laws ofapaity were derived when the network density inreases and the proposedhierarhial protool was shown to ahieve linear saling of apaity in thenumber of single-antenna nodes randomly distributed in an area.5.2 System Model5.2.1 Multi-Hop MIMO Relay NetworkConsider Fig. 5.1 that shows a multi-hop relaying system with k0 soureantennas, kN destination antennas and N − 1 relaying levels. The i−th
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Figure 5.1: Multi-hop Relaying Systemrelaying level is equipped with ki antennas. We assume that the noise poweris negligible at all relays while at the destination the noise power is suh that
E[zzH ] = σ2I =

1

η
I (5.1)where z is the irularly-symmetri zero-mean i.i.d. Gaussian noise vetorat the destination. The simplifying noise-free relay assumption is a �rststep towards the future information-theoreti study of the more omplexnoisy relay senario. Note that several other authors have impliitly useda similar noise-free relay assumption. For instane, in [33℄ a multi-hop AFrelay network is analyzed and it is proved that the resulting olored noiseat the destination an be well-approximated by white noise in the high SNRregime. In a multi-hop MIMO relay system, it an be shown that the white-noise assumption would be equivalent to assuming negligible noise at relays,but non-negligible noise at the destination.Throughout the setion, we assume that the orrelated hannel matrix athop i ∈ {1, . . . , N} an be represented by the Kroneker model

Hi , C
1/2
r,i ΘiC

1/2
t,i (5.2)where Ct,i,Cr,i are respetively the transmit and reeive orrelation matries,

Θi are zero-mean i.i.d. Gaussian matries independent over index i, withvariane of the (k, l)-th entry
E[|θ(i)

kl |2] =
ai

ki−1

i = 1, . . . , N (5.3)where ai = d−β
i represents the pathloss attenuation with β and di denotingthe pathloss exponent and the length of the i-th hop respetively. We also



102 Chapter 5 Cooperation in Large Dimension Networksassume that hannels matries Hi, i = 1, . . . , N remain onstant during aoherene blok of length L and vary independently from a oherene blokto another.Note that the i.i.d. Rayleigh fading hannel is obtained from the aboveKroneker model when matries Ct,i and Cr,i are set to identity.Within a oherene blok, the signal transmitted by the k0 soure anten-nas at time l ∈ {0, . . . , L − 1} is given by the vetor x0(l) = P0y0(l − 1),where P0 is the soure preoding matrix and y0 is a zero-mean random vetorwith
E[y0y

H
0 ] = Ik0 and thus E[x0x

H
0 ] = P0P

H
0 (5.4)Assuming that relays work in full-duplex mode, at time l ∈ {0, . . . , L − 1}the relay at level i uses a preoding matrix Pi to linearly preode its reeivedsignal yi(l − 1) = Hixi−1(l − 1) and form its transmitted signal

xi(l) = Piyi(l − 1) i = 0, . . . , N − 1 (5.5)The preoding matries at soure and relays Pi, i = 0, . . . , N −1 are subjetto the per-node long-term average power onstraints1
tr(E[xix

H
i ]) ≤ kiPi i = 0, . . . , N − 1 (5.6)It should be notied that hoosing diagonal preoding matries would reduethe above sheme to the simpler AF relaying strategy.As an be observed from Fig. 5.1, the signal reeived at the destinationat time l is given by

yN (l) = HNPN−1HN−1PN−2 . . .H2P1H1P0y0(l − N) + z

= GNy0(l − N) + z (5.7)1Reall that yi = Hixi−1. The power onstraint on xi−1, given by tr(E[xi−1x
H
i−1]) ≤

ki−1Pi−1, along with the variane of the elements Hi, given by E[|θ(i)
kl |2] = ai

ki−1

, are suhthat the system is equivalent to a system where random hannel elements θ
(i)
kl would bei.i.d. with variane ai and the power onstraint on the transmitted signal at level i − 1would be �nite and equal to Pi−1. That equivalent system, with �nite transmit power ateah level, makes sense from a physial point of view and shows that adding antennas,i.e. inreasing the system dimension, does not mean inreasing the transmit power froma physial point of view. Nonetheless, in order to derive the asymptoti instantaneousmutual information in Setion 5.3, using random matrix theory tools, the variane ofrandom hannel elements is required to be normalized by the size of the hannel matrix.That is the reason why the normalized model� hannel variane and power onstraint�was adopted.



5.2 System Model 103where the end-to-end equivalent hannel is
GN , HNPN−1HN−1PN−2 . . .H2P1H1P0

= C
1/2
r,NΘNC

1/2
t,NPN−1C

1/2
r,N−1ΘN−1C

1/2
t,N−1 . . .P1C

1/2
r,1 Θ1C

1/2
t,1 P0(5.8)Let us introdue the matries

M0 = C
1/2
t,1 P0

Mi = C
1/2
t,i+1PiC

1/2
r,i i = 1, . . . , N − 1

MN = C
1/2
r,N (5.9)Then (5.8) an be rewritten as

GN = MNΘNMN−1ΘN−1 . . .M2Θ2M1Θ1M0 (5.10)For the sake of larity, the dimensions of the matries/vetors involved inour analysis are given below.
xi : ki × 1 yi : ki × 1 Pi : ki × ki

Hi : ki × ki−1 Cr,i : ki × ki Ct,i : ki−1 × ki−1

Θi : ki × ki−1 Mi : ki × kiIn the sequel, we assume that the hannel oherene time is large enoughto onsider the non-ergodi ase and onsequently, time index l an bedropped. Finally, we de�ne three hannel-knowledge assumptions:
• Assumption As, loal statistial knowledge at soure: the soure hasonly statistial CSI of its forward hannel H1, i.e. the soure knowsthe transmit orrelation matrix Ct,1.
• Assumption Ar, loal statistial knowledge at relay: at the ith relayinglevel, i ∈ {1, . . . , N − 1}, only statistial CSI of the bakward hannel

Hi and forward hannel Hi+1 are available, i.e. relay i knows the reeiveorrelation matrix Cr,i and the transmit orrelation matrix Ct,i+1.
• Assumption Ad, end-to-end perfet knowledge at destination: the des-tination perfetly knows the end-to-end equivalent hannel GNThroughout the setion, assumption Ad is always made. Assumption Ad isthe single assumption on hannel-knowledge neessary to derive the asymp-toti mutual information in Setion 5.3, while the two extra assumptions Asand Ar are also neessary in Setion 5.4 to obtain the singular vetors of theoptimal preoding matries.



104 Chapter 5 Cooperation in Large Dimension Networks5.2.2 Mutual InformationUnder Assumption Ad, the end-to-end mutual information between hannelinput y0 and hannel output (yN ,GN) is [38℄
I(y0; (yN , GN)) = I(y0; yN |GN) + I(y0; GN)

︸ ︷︷ ︸

0

= I(y0; yN |GN)

= H(yN |GN) −H(yN |y0, GN)
︸ ︷︷ ︸

H(z)

= EGN
[H(yN |GN = GN)] −H(z)

(5.11)
The entropy of the noise vetor is known to be H(z) = log det(πe

η
IkN

).Besides, y0 is zero-mean with variane E[y0y
H
0 ] = Ik0 , thus given GN , thereeived signal yN is zero-mean with variane GNGH

N + 1
η
IkN

. By [38, Lemma2℄ the inequality H(yN |GN = GN) ≤ log det(πeGNGH
N + πe

η
IkN

) holds, andthe entropy is maximized when equality is met for yN irularly-symmetriomplex Gaussian, whih is the ase when y0 is irularly-symmetri om-plex Gaussian. Therefore in the sequel, y0 is onsidered to be zero-meanirularly-symmetri omplex Gaussian and the mutual information (5.11)an be rewritten
I(y0; (yN , GN)) = EGN

[log det(IkN
+ ηGNGH

N )]

= EGN
[I(y0; yN |GN = GN)]

(5.12)where I(y0; yN |GN = GN) = log det(IkN
+ ηGNGH

N) is the instantaneousmutual end-to-end information for a hannel realization GN .To optimize the system, we are left with �nding the preoders Pi maxi-mizing the end-to-end mutual information (5.12) subjet to power onstraints(5.6), i.e. obtaining the maximum average end-to-end mutual information
C , max

{Pi/tr(E[xix
H
i ])≤kiPi}i∈{0,...,N−1}

E
[
log det(IkN

+ η GNGH
N)
] (5.13)Note that the non-ergodi regime is onsidered, therefore (5.12) representsonly an average mutual information over hannel realizations, and maximiz-ing (5.12) does not a priori have the meaning of hannel apaity in theShannon sense when the system size is �nite.



5.3 Asymptoti Mutual Information 1055.3 Asymptoti Mutual InformationIn this setion, we onsider the instantaneous mutual information per trans-mit antenna between the soure and the destination
I ,

1

k0

log det(IkN
+ ηGNGH

N ) (5.14)and derive its asymptoti value as the number of antennas k0, k1, . . . , kN goto in�nity. The following theorem holds.Theorem 1. For the system desribed in setion 5.2, assume that
• perfet knowledge of the end-to-end hannel GN is available at the des-tination (Assumption Ad)
• k0, k1, . . . , kN go to in�nity while ki

kN
→ ρi, i = 0, . . . , N

• ∀i ∈ {0, . . . , N}, as ki goes to in�nity, MH
i Mi has a limit eigenvaluedistribution with a ompat support.Then the instantaneous mutual information per transmit antenna I onvergesalmost surely to

I∞ =
1

ρ0

N∑

i=0

ρiE

[

log

(

1 + η
ai+1

ρi
hN

i Λi

)]

− N
log e

ρ0
η

N∏

i=0

hi (5.15)where aN+1 = 1 by onvention, h0, h1, . . . , hN are the solutions of the systemof N + 1 equations
N∏

j=0

hj = ρiE

[

hN
i Λi

ρi

ai+1
+ ηhN

i Λi

]

i = 0, . . . , N (5.16)and the expetation E[·] in (5.15) and (5.16) is over Λi whose distribution isgiven by the asymptoti eigenvalue distribution FMH
i Mi

(λ) of MH
i Mi.The detailed proof of Theorem 1 is presented in Appendix 5.B.Note that the above expression of the asymptoti instantaneous mutualinformation is valid for any arbitrary set of preoding matries Pi, i =
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0, . . . , N −1, suh that MH

i Mi has a ompatly supported asymptoti eigen-value distribution when the system dimensions get large.2Given a set of preoding matries, it an be observed from (5.15) and(5.16) that the asymptoti expression is a deterministi value dependingonly on hannel statistis and not on a partiular hannel realization. Inother words, for a given set of preoding matries, as long as the statistialproperties of the hannel matries do not hange, the instantaneous mutualinformation always onverges to the same deterministi ahievable rate, re-gardless of the hannel realization. Thus, as the numbers of antennas atall levels grow large, the instantaneous mutual information is not a randomvariable anymore and the preoding matries maximizing the asymptoti in-stantaneous mutual information an be found based only on knowledge ofthe hannel statistis, without requiring any information regarding the in-stantaneous hannel realizations. This further means that when the hannelis random but �xed at the beginning of the transmission and the system sizegrows large enough, the apaity in the sense of Shannon is not zero anymore, on the ontrary to the apaity of small-size systems [38, Setion 5.1℄.Moreover, given the stationarity of hannel statistial properties, the in-stantaneous mutual information onverges to the same deterministi expres-sion for any arbitrary hannel realization. Therefore, the asymptoti instan-taneous mutual information (5.15) obtained in the non-ergodi regime alsorepresents the asymptoti value of the average mutual information, whoseexpression is the same as the asymptoti ergodi end-to-end mutual informa-tion that would be obtained if the hannel was an ergodi proess.It should also be mentioned that, aording to the experimental resultsillustrated in Setion 5.6, the system under onsideration behaves like in theasymptoti regime even when it is equipped with a reasonable �nite numberof antennas at eah level. Therefore, (5.15) an also be e�iently used to2Reall that MH
i Mi = C

H/2
r,i PH

i Ct,i+1PiC
1/2
r,i . The power onstraints on signals trans-mitted by the soure or relays are not su�ient to guarantee the boundedness of theeigenvalues of MH

i Mi. Indeed, as (5.131) shows, in the asymptoti regime the power on-straints represent onstraints on the produt of �rst-order moment of the eigenvalues ofmatries PiCr,iP
H
i and MH

k Mk� indeed limki→∞

1
ki

tr(PiCr,iP
H
i ) = E[λPiCr,iP

H
i

] and
limkk→∞

1
kk

tr(Ct,k+1PkCr,kP
H
k ) = E[Λk] , whih a priori does not prevent the eigenvaluedistribution of MH

i Mi from having a non-bounded support. Thus, the assumption thatmatries MH
i Mi have a ompatly supported asymptoti eigenvalue distribution is a pri-ori not an intrinsi property of the system model, and it was neessary to make thatassumption to use Lemma 2 to prove Theorem 1.



5.4 Optimal Transmission Strategy at Soure and Relays 107maximize the instantaneous mutual information of a �nite-size system.5.4 Optimal Transmission Strategy at Soureand RelaysIn previous setion, the asymptoti instantaneous mutual information (5.15),(5.16) was derived onsidering arbitrary preoding matriesPi, i ∈ {0, . . . , N−
1}. In this setion, we analyze the optimal linear preoding strategies Pi, i ∈
{0, . . . , N − 1} at soure and relays that allow to maximize the average mu-tual information. We haraterize the optimal transmit diretions, meaningthe singular vetors of the preoding matries at soure and relays, for a�nite-size system i.e. when k0, k1, . . . , kN are �nite. It turns out that thosetransmit diretion are also the ones maximizing the asymptoti average mu-tual information. As explained in Setion 5.3, in the asymptoti regime,the average mutual information and the instantaneous mutual informationhave the same asymptoti value, therefore the singular vetors of the pre-oding matries maximizing the asymptoti average mutual information arealso optimal for the asymptoti instantaneous mutual information (5.15).In future work, using the results on the optimal diretions of transmission(singular vetors of Pi) and the asymptoti mutual information (5.15)�(5.16),we intend to work out the optimal power alloation (singular values of Pi)maximizing the asymptoti mutual information (5.15).The main result of this setion is given by the following theorem:Theorem 2. Consider the system desribed in Setion 5.2. For i ∈ {1, . . . , N}let Ct,i = Ut,iΛt,iU

H
t,i and Cr,i = Ur,iΛr,iU

H
r,i be the eigenvalue deomposi-tions of the orrelation matries Ct,i and Cr,i, where Ut,i and Ur,i are unitaryand Λt,i and Λr,i are diagonal, with their respetive eigenvalues ordered indereasing order. Then, under hannel-knowledge assumptions As, Ar and

Ad, the optimal linear preoding matries, that maximize the average mutualinformation under power onstraints (5.6) an be written
P0 = Ut,1ΛP0

Pi = Ut,i+1ΛPi
UH

r,i , for i ∈ {1, . . . , N − 1}
(5.17)where ΛPi

are diagonal matries with non-negative real diagonal elements.In other words, the singular vetors of the optimal preoding matries are



108 Chapter 5 Cooperation in Large Dimension Networksgiven by the eigenvetors of the hannel orrelation matries. Moreover, thesingular vetors of the preoding matries (5.17) are also the ones whihmaximize the asymptoti average mutual information. Sine the asymptotiaverage mutual information has the same value as the asymptoti instan-taneous mutual information, the singular vetors of the preoding matries(5.17) are eventually also optimal for the asymptoti instantaneous mutualinformation.For the proof of Theorem 2, the reader is referred to Appendix 5.C.Theorem 2 means that the transmit diretions at soure and relays max-imizing the average mutual information are suh that:
• the soure should align the eigenvetors of the transmit ovariane ma-trix Q = P0P

H
0 to the eigenvetors of the transmit orrelation matrix

Ct,1 of the �rst-hop hannel H1, whih requires only loal statistialhannel knowledge As. Note that a similar result was previously ob-tained in the single-hop MIMO system�without relays� with ovari-ane knowledge at the soure in [95℄ for the single-user ase, and in [96℄for the multi-user ase.
• relay i should align the singular vetors of its preoding matrix Pi tothe eigenvetors Ur,i of the reeive orrelation matrix of hannel Hion the right, and to the eigenvetors Ut,i+1 of the transmit orrelationmatrix of hannel Hi+1 on the left, whih requires only loal statistialknowledge Ar.
• the problem of optimizing Pi an be divided into two deoupled prob-lems: optimizing the transmit diretions�singular vetors� on onehand, and optimizing the transmit powers�singular values� on theother hand.We would like to draw the attention of the reader on the following point:the proof of this theorem does not rely on the expression of the asymptotimutual information given in (5.15) and is independent from Theorem 1. Onthe ontrary, Theorem 2 is �rst proved in the non-asymptoti regime for anysystem size, i.e. for any set {ki}i∈{0,...,N}. The so-obtained singular vetorsof the preoding matries maximizing the average mutual information arealigned to the eigenvetors of hannel orrelation matries for any systemsize, thus the result still holds when the system size inreases. Consequently,



5.5 Appliation to MIMO Communiation Senarios 109in the asymptoti regime, the singular vetors of the preoding matriesmaximizing the asymptoti average mutual information are also aligned tothe eigenvetors of hannel orrelation matries as in (5.17). As explainedin Setion 5.3, in the asymptoti regime, instantaneous and average mutualinformations have the same value. Therefore, the singular vetors given in(5.17) are also the ones maximizing the asymptoti instantaneous mutualinformation. Eventually, by ombining Theorem 1 and Theorem 2, the ul-timate objetive is to �nd the optimal preoding matries maximizing theasymptoti instantaneous/average mutual information using only statistialknowledge of the hannel at transmitting nodes.5.5 Appliation to MIMO Communiation Se-nariosIn this setion, Theorem 1 and Theorem 2 are applied to four di�erent om-muniation senarios. In the �rst two senarios, the speial ase of non-relayassisted MIMO (N=1) without path-loss (a1 = 1) is onsidered, and weshow how (5.15) boils down to known results for the MIMO hannel with orwithout orrelation. In the third and fourth senarios, a multi-hop MIMOsystem is onsidered and the asymptoti mutual information is developed inthe unorrelated and exponential orrelation ases respetively.5.5.1 Unorrelated Single-Hop MIMO with StatistialCSI at SoureConsider a simple single-hop unorrelated MIMO system with the samenumber of antennas at soure and destination i.e. ρ0 = ρ1 = 1, and ani.i.d. Rayleigh fading hannel i.e. Ct,1 = Cr,1 = I . Assuming equalpower alloation at soure antennas, the soure preoder is P0 =
√
P0I.As M0 = C

1/2
t,1 P0 =

√
P0I and M1 = C

1/2
r,1 = I, their empirial eigenvaluedistributions are given by

dFMH
0 M0

(λ) = δ (λ − P0) dλ

dFMH
1 M1

(λ) = δ(λ − 1)dλ.
(5.18)Using the distributions in (5.18) to ompute the expetations in (5.15)
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I∞ =

1

ρ0

N∑

i=0

ρiE

[

log

(

1 +
η

ρi
hN

i Λi

)]

− N
log e

ρ0
η

N∏

i=0

hi

= log (1 + ηh0P0) + log(1 + ηh1) − log e η h0 h1

(5.19)where, aording to (5.16), h0 and h1 are the solutions of the system of 2equations
h0 =

1

1 + ηh1

h1 =
P0

1 + ηh0P0

(5.20)that are given by
h0 =

2

1 +
√

1 + 4ηP0

h1 =
−1 +

√
1 + 4ηP0

2η
.

(5.21)Inserting the expression of h0 and h1 (5.21) into (5.19), we obtain
I∞ = 2 log

(
1 +

√
1 + 4ηP0

2

)

− log e

4ηP0

(√

1 + 4ηP0 − 1
)2

. (5.22)It an be observed that the deterministi expression (5.22) depends onlyon the system harateristis and is independent from the hannel realiza-tions. Moreover equal power alloation is known to be the apaity-ahievingpower alloation for a MIMO i.i.d. Rayleigh hannel with statistial CSI atsoure [39, Setion 3.3.2℄, [38℄. As suh, the asymptoti mutual informationexpression obtained in (5.22) also represents the asymptoti apaity of thesystem. Finally (5.22) is similar to the expression of the asymptoti apa-ity per dimension previously derived in [39, Setion 3.3.2℄ for the MIMORayleigh Channel with equal number of transmit and reeive antennas andstatistial CSI at the transmitter.



5.5 Appliation to MIMO Communiation Senarios 1115.5.2 Correlated Single-HopMIMOwith Statistial CSIat SoureIn this example, we onsider the more general ase of orrelated MIMO han-nel with separable orrelation: H1 = C
1/2
r,1 Θ1C

1/2
t,1 . The eigenvalue deompo-sition of Ct,1 is

Ct,1 = Ut,1Λt,1U
H
t,1 (5.23)where Λt,1 is a diagonal matrix whose diagonal entries are the eigenvaluesof Ct,1 in the non-inreasing order and the unitary matrix Ut,1 ontains theorresponding eigenvetors. Let us de�ne the transmit ovariane matrix

Q , E
[
x0x

H
0

]
= P0P

H
0 (5.24)It has been shown [95℄ that the apaity-ahieving matrix Q⋆ is given by

Q⋆ = Ut,1ΛQ⋆UH
t,1 (5.25)where ΛQ⋆ is a diagonal matrix ontaining the apaity-ahieving power al-loation. Using Theorem 1 along with (5.23) and (5.25), it an be readilyshown that the asymptoti apaity per dimension is equal to

C = E[log(1 +
η

ρ0

Λ0h0)] +
1

ρ0

E[log(1 + ηΛ1h1)] −
log e

ρ0

η h0h1 (5.26)where h0 and h1 are the solutions of the system
h0 = E

[
Λ1

1 + ηΛ1h1

]

h1 = E

[

Λ0

1 + η
ρ0

Λ0h0

] (5.27)and the expetations are over Λ0 and Λ1 whose distributions are given bythe asymptoti eigenvalue distributions of Λt,1ΛQ⋆ and Cr, respetively. Itshould be mentioned that an equivalent expression3 was obtained in [39,Theorem 3.7℄ for the apaity of the orrelated MIMO hannel with statistialCSI at transmitter.3The small di�erenes between (5.26) and the apaity expression in [39, Theorem 3.7℄are due to di�erent normalization assumptions in [39℄. In partiular (5.26) is the mutualinformation per soure antenna while the expression in [39℄ is the apaity per reeiveantenna. The equivalene between [39, Theorem 3.7℄ and (5.26) is obtained aording to



112 Chapter 5 Cooperation in Large Dimension Networks5.5.3 Unorrelated Multi-Hop MIMO with StatistialCSI at Soure and RelaysIn this example, we onsider an unorrelated multi-hop MIMO system, i.e.all orrelation matries are equal to identity. Then by Theorem 2 the optimalpreoding matries should be diagonal. Assuming equal power alloation atsoure and relays, the preoding matries are of the form Pi = αiIki
, where

αi is real positive and hosen to respet the power onstraints.Using the power onstraint expression (5.131), it an be shown by indu-tion on i that the oe�ients αi in the unorrelated ase are given by
α0 =

√

P0

αi =

√

Pi

aiPi−1
∀i ∈ {1, . . . , N − 1}

αN = 1

(5.29)Then the asymptoti mutual information for the unorrelated multi-hopMIMO system with equal power alloation is given by
I∞ =

N∑

i=0

ρi

ρ0

log

(

1 +
ηhN

i ai+1α
2
i

ρi

)

− N
log e

ρ0

η
N∏

i=0

hi (5.30)where h0, h1, . . . , hN are the solutions of the system of N + 1 multivariatepolynomial equations
N∏

j=0

hj =
hN

i α2
i ai+1

1 +
ηhN

i ai+1α2
i

ρi

i = 0, . . . , N (5.31)Note that the asymptoti mutual information is a deterministi value de-pending only on a few system harateristis: signal power Pi, noise power
1/η, pathloss ai, number of hops N and ratio of the number of antennas ρi.the following notation equivalene ( { [39℄-notation} ∼ {(5.26)-notation}):

C ∼ ρ0I∞ β ∼ ρ0 SNR ∼ P0η Γ ∼ h0

ρ0
Υ ∼ h1

P0

ΛR ∼ Λ1 , both with distribution given by the eigenvalue distribution of Cr

Λ ∼ Λ0

P0
, both with distribution given by the eigenvalue distribution of Λt,1ΛQ⋆/P0(5.28)



5.5 Appliation to MIMO Communiation Senarios 1135.5.4 Exponentially Correlated Multi-Hop MIMO withStatistial CSI at Soure and RelaysIn this setion, the asymptoti mutual information (5.15) is developed in thease of exponential orrelation matries and preoding matries with optimalsingular vetors.Optimal preoding diretions: For i ∈ {1, . . . , N}, the eigenvalue de-ompositions of hannel orrelation matries Ct,i and Cr,i an be written
Ct,i = Ut,iΛt,iU

H
t,i

Cr,i = Ur,iΛr,iU
H
r,i

(5.32)where Ut,i and Ur,i are unitary, and Λt,i and Λr,i are diagonal with theirrespetive eigenvalues ordered in dereasing order. Following Theorem 2, weonsider preoding matries of the form Pi = Ut,i+1ΛPi
UH

r,i, i.e. the singularvetors of Pi are optimally aligned to the eigenvetors of hannel orrelationmatries.Consequently, we an rewrite matries MH
i Mi (5.9) as

MH
0 M0 = UH

t,1Λ
2
P0

Λt,1Ut,1

MH
i Mi = UH

r,iΛr,iΛ
2
Pi

Λt,i+1Ur,i i = 1, . . . , N − 1

MH
NMN = UH

r,NΛr,NUr,N

(5.33)Thus, the eigenvalues of matries MH
i Mi are ontained in the following di-agonal matries

Λ0 = Λ2
P0

Λt,1

Λi = Λr,iΛ
2
Pi

Λt,i+1 i = 1, . . . , N − 1

ΛN = Λr,N

(5.34)The asymptoti mutual information, given by (5.15) and (5.16), involvesexpetations of funtions of Λi whose distribution is given by the asymptotieigenvalue distribution FMH
i Mi

(λ) of MH
i Mi. Equation (5.34) shows that afuntion g1(Λi) an be written as a funtion g2(Λ

2
Pi

, Λr,i, Λt,i+1), where thevariables Λ2
Pi
, Λr,i, and Λt,i+1 are respetively haraterized by the asymptotieigenvalue distributions FPH

i Pi
(λ), FCr,i

(λ), and FCt,i+1
(λ) of matriesPH

i Pi ,
Cr,i and Ct,i+1. Therefore expetations in (5.15) and (5.16) an be omputed
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Pi

, Λr,i, Λt,i+1) instead of thedistribution FMH
i Mi

(λ). To simplify notations, we rename the variables asfollows
X = Λ2

Pi
Y = Λr,i Z = Λt,i+1 (5.35)Then, the expetation of a funtion g1(Λi) an be written

E[g1(Λi)] = E[g2(X, Y, Z)] =

∫

z

∫

y

∫

x

g2(x, y, z)fX,Y,Z(x, y, z) dx dy dz

=

∫

z

∫

y

∫

x

g2(x, y, z)fX|Y,Z(x|y, z) fY |Z(y|z) fZ(z) dx dy dz(5.36)Exponential Correlation Model: So far, general orrelation matrieswere onsidered. We now introdue the exponential orrelation model andfurther develop (5.36) for the distributions fY |Z(y|z) and fZ(z) resulting fromthat partiular orrelation model.We assume that Level i is equipped with a uniform linear array (ULA)of length Li, haraterized by its antenna spaing li = Li/ki and its hara-teristi distanes ∆t,i and ∆r,i proportional to transmit and reeive spatialoherenes respetively. Then the reeive and transmit orrelation matriesat Level i an respetively be modeled by the following Hermitian Wiener-lass4 Toeplitz matries [97�99℄:
Cr,i =











1 rr,i r2
r,i . . . rki−1

r,i

rr,i 1
. . . . . . ...

r2
r,i

. . . . . . . . . r2
r,i... . . . . . . 1 rr,i

rki−1
r,i . . . r2

r,i rr,i 1











ki×ki

(5.37)
4A sequene of n×n Toeplitz Matries Tn = [tk−j ]n×n is said to be in the Wiener lass[61, Setion 4.4℄ if the sequene {tk} of �rst-olumn and �rst-row elements is absolutelysummable, i.e. limn→+∞

∑n
k=−n |tk| < +∞.If |rr,i| < 1, then limKi→+∞(
∑Ki−1

k=0 rk
r,i +

∑
−1
k=−Ki−1

r−k
r,i ) = 1

1−rr,i
+

1/rr,i

1−1/rr,i
< ∞, andonsequently Cr,i is in the Wiener lass. Ct,i is obviously also in the Wiener lass if

|rt,i| < 1.
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Ct,i+1 =











1 rt,i+1 r2
t,i+1 . . . rki−1

t,i+1

rt,i+1 1
. . . . . . ...

r2
t,i+1

. . . . . . . . . r2
t,i+1... . . . . . . 1 rt,i+1

rki−1
t,i+1 . . . r2

t,i+1 rt,i+1 1











ki×ki

(5.38)
where the antenna orrelation at reeive (resp. transmit) side rr,i = e

− li
∆r,i ∈

[0, 1) (resp. rt,i+1 = e
− li

∆t,i ∈ [0, 1)) is an exponential funtion of antennaspaing li and harateristi distane ∆r,i (resp. ∆t,i ) at relaying Level i.As Ki grows large, the sequene of Toeplitz matries Cr,i of size Ki×Ki isfully haraterized by the ontinuous real funtion fr,i, de�ned for λ ∈ [0, 2π)by [61, Setion 4.1℄
fr,i(λ) = lim

Ki→+∞





Ki−1∑

k=0

rk
r,ie

jkλ +

−1∑

k=−(Ki−1)

r−k
r,i ejkλ





=
1

1 − rr,iejλ
+

rr,ie
−jλ

1 − rr,ie−jλ

=
1 − r2

r,i

|1 − rr,iejλ|2

(5.39)
We also denote the essential in�mum and supremum of fr,i by mfr,i

and Mfr,irespetively [61, Setion 4.1℄. In a similar way, we an de�ne the ontinuousreal funtion ft,i+1 haraterizing the sequene of Toeplitz matries Ct,i+1by replaing rr,i in (5.39) by rt,i+1, and we denote by mft,i+1
and Mft,i+1

itsessential in�mum and supremum respetively.By Szegö Theorem [61, Theorem 9℄, realled hereafter in Lemma 6, for anyreal funtion g(·) (resp. h(·)) ontinuous on [mfr,i
, Mfr,i

] (resp. [mft,i+1
, Mft,i+1

]),we have
∫

y

g(y)fY (y) dy , lim
Ki→+∞

1

Ki

Ki∑

k=1

g
(
λCr,i

(k)
)

=
1

2π

∫ 2π

0

g (fr,i(λ)) dλ

∫

z

h(z)fZ(z) dz , lim
Ki→+∞

1

Ki

Ki∑

k=1

h
(
λCt,i+1

(k)
)

=
1

2π

∫ 2π

0

h (ft,i+1(ν)) dν(5.40)



116 Chapter 5 Cooperation in Large Dimension NetworksAssuming that variables Y = Λr,i and Z = Λt,i+1 are independent, andapplying Szegö Theorem to (5.36), we an write
E[g1(Λi)] =

∫

z

∫

y

(∫

x

g2(x, y, z)fX|Y,Z(x|y, z) dx

)

︸ ︷︷ ︸

g3(y,z)

fY (y) fZ(z) dy dz

=

∫

z

(∫

y

g3(y, z)fY (y) dy

)

fZ(z) dz

=

∫

z

(
1

2π

∫ 2π

λ=0

g3 (fr,i(λ), z) dλ

)

fZ(z) dz , by Szegö Theorem (5.40)
=

1

2π

∫ 2π

λ=0

(∫

z

g3 (fr,i(λ), z) fZ(z) dz

)

dλ

=
1

(2π)2

∫ 2π

λ=0

∫ 2π

ν=0

g3 (fr,i(λ), ft,i+1(ν)) dλ dν , by Szegö Theorem (5.40)(5.41)Equal power alloation over optimal preoding diretions: We fur-ther assume equal power alloation over the optimal diretions, i.e. thesingular values of Pi are hosen to be all equal: ΛPi
= αiIki

, where αi is realpositive and hosen to respet the power onstraint (5.6). Equal power allo-ation may not be the optimal power alloation sheme, but it is onsideredin this example for simpliity.Using the power onstraint expression for general orrelation models (5.131)and onsidering preoding matries Pi with optimal singular vetors as inTheorem 2 and equal singular values αi, i.e. preoding matries of the form
Pi = UH

r,i(αiIki
)Ut,i+1, we an show by indution on i that the oe�ients αirespeting the power onstraints for any orrelation model are given by

α0 =
√

P0

αi =

√

Pi

aiPi−1

tr(Λr,i−1)

tr(Λr,i)

ki

tr(Λt,iΛr,i−1)
∀i ∈ {1, . . . , N − 1}

αN = 1

(5.42)Applying the exponential orrelation model to (5.42) and making the dimen-sions of the system grow large, it an be shown that in the asymptoti regime,



5.5 Appliation to MIMO Communiation Senarios 117the αi respeting the power onstraint for the exponentially orrelated systemonverge to the same value (5.29) as for the unorrelated system.Then X = Λ2
Pi

= α2
i is independent from Y and Z, thus fX|Y,Z(x|y, z) =

fX(x) = δ(x − α2
i ). Consequently,

g3(y, z) =

∫

x

g2(x, y, z)δ(x − α2
i ) dx = g2(α

2
i , y, z) (5.43)and (5.41) beomes

E[g1(Λi)] =
1

(2π)2

∫ 2π

λ=0

∫ 2π

ν=0

g2

(

α2
i ,

1 − r2
r,i

|1 − rr,iejλ|2 ,
1 − r2

t,i+1

|1 − rt,i+1ejν |2
)

dλ dν(5.44)Asymptoti Mutual Information: Using (5.44) in (5.15) with g2(x, y, z) =

log
(

1 + η ai+1

ρi
hN

i xyz
) gives the expression of the asymptoti mutual infor-mation

I∞ =

N∑

i=0

ρi

ρ0(2π)2

∫ 2π

λ=0

∫ 2π

ν=0
log

(

1 + hN
i

ηai+1α
2
i (1 − r2

r,i)(1 − r2
t,i+1)

ρi|1 − rr,iejλ|2|1 − rt,i+1ejν |2

)

dλ dν

− N
log e

ρ0
η

N∏

i=0

hi (5.45)where h0, h1, . . . , hN are the solutions of the following system of N + 1equations, obtained by using (5.44) in (5.16) with g2(x, y, z) =
hN

i Λixyz
ρi

ai+1
+ηhN

i xyz

N∏

j=0

hj =
ρi

(2π)2

∫ 2π

λ=0

∫ 2π

ν=0

hN
i ai+1α

2
i (1 − r2

r,i)(1 − r2
t,i+1)

ρi|1 − rr,iejλ|2|1 − rt,i+1ejν |2 + ηhN
i ai+1α2

i (1 − r2
r,i)(1 − r2

t,i+1)
dλ dνfor i = 0, . . . , N (5.46)(with the onvention rr,0 = rt,N+1 = 0). Using the hanges of variables

t = tan

(
λ

2

) , thus cos(λ) =
1 − t2

1 + t2
and dλ =

2du

1 + t2

u = tan
(ν

2

) , thus cos(ν) =
1 − u2

1 + u2
and dν =

2du

1 + u2

(5.47)



118 Chapter 5 Cooperation in Large Dimension Networksand performing some algebrai manipulations that are skipped for the sakeof oniseness, (5.45) and (5.46) an be rewritten
I∞ =

N∑

i=0

ρi

ρ0π2

∫ +∞

t=−∞

∫ +∞

u=−∞

log
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1 + cr,ict,i+1
ηhN
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i
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t,i+1 + u2)

)

dt
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− N
log e

ρ0
η

N∏

i=0

hi (5.48)where h0, h1, . . . , hN are the solutions of the system of N + 1 equations
N∏

j=0

hj =
2

π

hN
i ai+1α

2
i

√

cr,ict,i+1 +
ηhN

i ai+1α2
i

ρi

√
1

cr,ict,i+1
+

ηhN
i ai+1α2

i

ρi

K(mi) (5.49)where K(·) is the omplete ellipti integral of the �rst kind [100℄, and
cr,i =

1 − rr,i

1 + rr,i

ct,i+1 =
1 − rt,i+1

1 + rt,i+1

mi = 1 −
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ct,i+1

cr,i
+

ηhN
i ai+1α2

i

ρi

)(
cr,i

ct,i+1
+

ηhN
i ai+1α2

i

ρi

)

(
1

cr,ict,i+1
+

ηhN
i ai+1α2

i

ρi

)(

cr,ict,i+1 +
ηhN

i ai+1α2
i

ρi

)

(5.50)
Those expression show that only a few relevant parameters a�et the perfor-mane of this omplex system: signal power Pi, noise power 1/η, pathloss
ai, number of hops N , ratio of the number of antennas ρi, and orrelationratios cr,i and ct,i.5.6 Numerial ResultsIn this setion, we present numerial results to validate Theorem 1 and toshow that even for a small number of antennas, the behavior of the system islose to the behavior in the asymptoti regime, making Theorem 1 a usefultool for optimization of �nite-size systems as well as large networks.



5.6 Numerial Results 1195.6.1 Unorrelated Multi-Hop MIMOThe unorrelated system desribed in Setion 5.5.3.C is �rst onsidered.Fig. 5.2 plots the asymptoti mutual information from Theorem 1 as wellas the instantaneous mutual information obtained for an arbitrary hannelrealization ('experimental' urves) for a system with 10 antennas at soure,destination and eah relay level, and one, two or three hops, the ase N = 1hop orresponding to a MIMO hannel. Fig. 5.3 plots the same type ofurves, for a system with 100 antennas at eah level. The distane betweensoure and destination d was kept onstant when inreasing the number ofhops N , and N − 1 relays were inserted between soure and destinationwith equal spaing di = d/N between eah relaying level. Equal poweralloation, i.e. matries Pi proportional to the identity matrix, as well as non-orrelated hannels, i.e. hannel orrelation matries all equal to identity, andpathloss exponent β = 2 were onsidered in these simulations, whose purposeis mainly to validate the formula in Theorem 1, not to optimize the system.We would like to point out that plotting the experimental urves for di�erenthannel realizations gave similar results, and that for the sake of larity andoniseness, we exhibit the experimental urves only for one realization.Fig. 5.3 shows the perfet math between the instantaneous mutual in-formation for an arbitrary hannel realization and the asymptoti mutualinformation, validating the asymptoti formula for large dimensions of thenetwork. On the other hand Fig. 5.2 shows that the instantaneous mutualinformation of a system with a small number of antennas behaves very loselyto the asymptoti regime, justifying the usefulness of the asymptoti formulaeven for optimizing systems with small size.Finally, Fig. 5.4 plots the asymptoti mutual information for one, two,and three hops, as well as the value of the instantaneous mutual informationfor random hannel realizations when the number of antennas at all levelsinreases. The onentration of the instantaneous mutual information valuesaround the asymptoti limit when the system size inreases shows the on-vergene of the instantaneous mutual information towards the asymptotilimit as the number of antennas grows large at all levels with the same rate.5.6.2 One-Sided Exponentially Correlated Multi-HopMIMOBased on the model disussed in Setion 5.5.4.D, the one-sided exponentiallyorrelated system is onsidered in this setion. In the ase of one-sided orre-



120 Chapter 5 Cooperation in Large Dimension Networkslation, e.g. rr,i = 0 and rt,i ≥ 0 for all i ∈ {0, . . . , N}, the asymptoti mutualinformation (5.51), (5.52) is redued to
I∞ =

N∑

i=0

ρi

ρ0π

∫ +∞

−∞
log

(

1 + ct,i+1
ηhN

i ai+1α
2
i

ρi

(1 + u2)

(c2
t,i+1 + u2)

)

du

1 + u2
− N

log e

ρ0
η

N∏

i=0

hi(5.51)where h0, h1, . . . , hN are the solutions of the system of N + 1 equations
N∏

j=0

hj =
hN

i ai+1α
2
i

√

ct,i+1 +
ηhN

i ai+1α2
i

ρi

√
1

ct,i+1
+

ηhN
i ai+1α2

i

ρi

(5.52)One-sided orrelation was onsidered to avoid the involved omputation ofthe ellipti integral K(mi) in the system of equations (5.52), and thereforeto simplify simulations.Fig. 5.5 and 5.6 plot the asymptoti mutual information for 10 and 100antennas at eah level respetively, and one, two or three hops, as well as theinstantaneous mutual information obtained for an arbitrary hannel realiza-tion ('experimental' urves). As in the unorrelated ase, the perfet mathof the experimental and asymptoti urves in Fig. 5.6 with 100 antennas val-idates the asymptoti formula in Theorem 1 in the presene of orrelation.Fig. 5.5 shows that even for a small number of antennas, the system behaveslosely to the asymptoti regime in the orrelated ase.Finally, Fig. 5.7 plots the instantaneous mutual information for randomhannel realizations against the size of the system and shows its onvergenetowards the asymptoti mutual information when the number of antennasinreases. Comparing Fig. 5.7 to the orresponding Fig. 5.4 in the unorre-lated ase, it appears that onvergene towards the asymptoti limit is slowerin the orrelated ase.5.7 ConlusionWe studied a MIMO multi-hop relay network, in orrelated fading, where re-lays perform linear preoding on their reeived signal before retransmission.On one hand, using free probability theory, we derived a losed-form expres-sion of the instantaneous end-to-end mutual information in the asymptotiregime when the number of antennas at all levels grows large. This deter-ministi expression turned out to depend only on hannel statistis and not



5.7 Conlusion 121on partiular hannel realizations, and to also serve as the asymptoti valueof the average end-to-end mutual information. We also showed that multi-hop networks with �nite dimensions behave losely to the asymptoti regime,even for a small number of antennas, making the asymptoti mutual infor-mation a powerful tool for optimizing the instantaneous mutual informationof �nite-size systems with only statistial knowledge of the hannel.On the other hand, we showed that, for any system size, and a fortioriin the asymptoti regime, the preoding matries maximizing the averagemutual information have a partiular struture: at eah level, the singularvetors of the optimal preoding matrix must be aligned to the eigenvetorsof the transmit and reeive orrelation matries of the bakward and forwardhannels respetively. Thus, the singular vetors of the optimal preodingmatries an be determined with only loal statistial hannel knowledge ateah level.In the sequel, the analysis will �rst be extended to the noisy-relay se-nario. Then, ombining asymptoti mutual information and optimal dire-tions of transmissions, future work will fous on optimizing the power allo-ations, i.e. the singular values of the optimal preoding matries.Future researh diretions also inlude the analysis of the ooperativelustering e�et: given a total number of antennas ki at level i, instead ofonsidering that the level onsists of a single node equipped with many an-tennas (ki), we an onsider that a level ontains ni nodes� soures, relays,or destinations� with (ki/ni) antennas eah. Clustering has a diret impaton the struture of orrelation matries, whih beome blok-diagonal matri-es, where bloks represent the orrelation between antennas at a node, whileantennas at di�erent relays su�iently separated in spae are supposed un-orrelated. In the limit of a relaying level ontaining ki relays equipped witha single antenna, we fall bak to the ase of unorrelated fading with orre-lation matries equal to identity. The optimal size of lusters in orrelatedfading is expeted to depend on the SNR regime. Finally, in the ooperativeluster setting desribed in Setion 5.1.1, a omplete analysis would needto take into aount the ost of ooperation sine ommuniation within aluster is atually unperfet, and hannel estimation errors may our withina luster.
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Figure 5.2: Unorrelated ase: Asymptoti Mutual Information and Instanta-neous Mutual Information versus SNR, with K = 10 antennas, for single-hopMIMO, 2 hops, and 3 hops
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Figure 5.3: Unorrelated ase: Asymptoti Mutual Information and Instanta-neous Mutual Information versus SNR, with K = 100 antennas, for single-hopMIMO, 2 hops, and 3 hops
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Figure 5.6: One-sided exponential orrelation ase: Asymptoti Mutual In-formation and Instantaneous Mutual Information versus SNR, with K = 100antennas, r=0.3, for single-hop MIMO, 2 hops, and 3 hops
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128 Chapter 5 Cooperation in Large Dimension NetworksAPPENDIX5.A Useful results from Random Matrix The-ory and Free Probability TheoryIn this appendix, transforms and lemmas used in the proofs of Theorems 1and 2 are provided, while the proofs of Theorems 1 and 2 are detailed inAppendies 5.B and 5.C, respetively.5.A.1 TransformsLet T be a square matrix of size n with real eigenvalues λ1, . . . , λn. Theempirial eigenvalue distribution FT of T is de�ned by
FT(x) ,

1

n

n∑

i=1

u(x − λi) (5.53)where u(x) is realled to be the unit-step funtion. We de�ne the followingtransformations [44℄Stieltjes transform: GT(s) ,

∫
1

λ − s
dFT(λ) (5.54)

ΥT(s) ,

∫
sλ

1 − sλ
dFT(λ) (5.55)S-transform: ST(z) ,

z + 1

z
Υ−1

T (z) (5.56)where Υ−1(Υ(s)) = s.5.A.2 LemmasWe gather here several lemmas used in the proofs of Theorems 1 and 2.Lemmas 1, 3, 5 and 7 are proved in Appendix 5.A.3, while Lemmas 2, 6, and4 ome from [101℄, [61℄, and [102℄ respetively.



5.A Useful results from Random Matrix Theory and Free Probability Theory129Lemma 1. Consider an n × p matrix A and a p × n matrix B, suh thattheir produt AB has non-negative real eigenvalues. Denote ξ = p
n
. Then

SAB(z) =
z + 1

z + ξ
SBA

(
z

ξ

) (5.57)Note that Lemma 1 is a generalized form of expressions formerly derived,for instane in [103, Eq. (1.2)℄, [44, Eq. (15)℄.Lemma 2 ( [101, Prop. 4.4.9 and 4.4.11℄). For n ∈ N, let p(n) ∈ N be suhthat p(n)
n

→ ξ as n → ∞. Let
• Θ(n) be a p(n) × n omplex Gaussian random matrix with i.i.d. ele-ments with variane 1

n
.

• A(n) be a n × n onstant matrix suh that supn ‖A(n)‖ < +∞ and
(A(n),A(n)H) has the limit eigenvalue distribution µ.

• B(n) be a p(n) × p(n) Hermitian random matrix, independent from
Θ(n), with an empirial eigenvalue distribution onverging almost surelyto a ompatly supported probability measure ν.Then, as n → ∞,

• the empirial eigenvalue distribution of Θ(n)HB(n)Θ(n) onverges al-most surely to the ompound free Poisson distribution πν,ξ [101℄
• the family ({Θ(n)HB(n)Θ(n)}, {A(n),A(n)H}) is asymptotially freealmost everywhere.Thus the limiting eigenvalue distribution of Θ(n)B(n)Θ(n)HA(n)A(n)H isthe free onvolution πν,ξ ⊠ µ and its S-transform is

SΘBΘHAAH (z) = SΘBΘH (z)SAAH (z) (5.58)Note that if the elements of Θ(n) had variane 1
p(n)

instead of 1
n
, theonlusion on asymptoti freeness of ({Θ(n)HB(n)Θ(n)}, {A(n),A(n)H})and equation (5.58) would still hold.



130 Chapter 5 Cooperation in Large Dimension NetworksLemma 3. Consider an n × p matrix A with zero-mean i.i.d. entries withvariane a
p
. Assume that the dimensions go to in�nity while n

p
→ ζ, then

SAAH (z) =
1

a

1

(1 + ζz)

SAHA(z) =
1

a

1

(z + ζ)

(5.59)
Lemma 4 ( [102, Theorem H.1.h℄). Let A and B be two positive semi-de�nite hermitian matries of size n × n, λA(i) and λB(i) their respetiveeigenvalues ordered in dereasing order, and λAB(i) the eigenvalues of AB,then the following inequality holds:

n∑

i=1

λA(i)λB(n− i + 1) ≤ tr(AB) =

n∑

i=1

λAB(i) ≤
n∑

i=1

λA(i)λB(i) (5.60)Lemma 5. For i ∈ {1, . . . , N}, let Ai be a ni×ni−1 random matrix. Assumethat
• A1, . . . ,AN are mutually independent
• ni goes to in�nity while ni

ni−1
→ ζi

• as ni goes to in�nity, the eigenvalue distribution of AiA
H
i onvergesalmost surely in distribution to a ompatly supported measure νi,

• as n1, . . . , nN go to in�nity, the eigenvalue distribution of (
⊗1

i=N Ai)(
⊗1

i=N Ai)
Honverges almost surely in distribution to a measure µNThen µN is ompatly supported.Lemma 6 ( [61, Theorem 9℄). Let Tn be a sequene of Wiener-lass Toeplitzmatries, haraterized by the funtion f(λ) with essential in�mum mf andessential supremum Mf . Let λTn(1), . . . , λTn(n) be the eigenvalues of Tn and

s be any positive integer. Then
lim

n→∞

1

n

n∑

k=1

λs
Tn

(k) =
1

2π

∫ 2π

0

f(λ)sdλ (5.61)



5.A Useful results from Random Matrix Theory and Free Probability Theory131Furthermore, if f(λ) is real, or equivalently, the matries Tn are all Hermi-tian, then for any funtion g(·) ontinuous on [mf , Mf ]

lim
n→∞

1

n

n∑

k=1

g(λTn(k)) =
1

2π

∫ 2π

0

g(f(λ))dλ (5.62)Lemma 7. For i ≥ 1, given a set of deterministi matries {Ak}k∈{0,...,i}and a set of independent random matries {Θk}k∈{1,...,i}, with i.i.d. zero-mean gaussian elements with variane σ2
k,

tr

(

E

[
1⊗

k=i

{AkΘk}A0A
H
0

i⊗

k=1

{ΘH
k AH

k }
] )

= tr(A0A
H
0 )

i∏

k=1

σ2
ktr(AkA

H
k )(5.63)

5.A.3 Proofs of LemmasThe proofs of Lemmas 1, 3, 5 and 7 are given hereafter.Proof of Lemma 11. Given two omplex matries A of size m× n, and B of size n×m andthe harateristi polynomials χAB(λ) , det(λIm−AB) and χBA(λ) ,

det(λIn − BA) , we �rst show that
∀λ ∈ C , λn χAB(λ) = λm χBA(λ) (5.64)For λ = 0, (5.64) is obviously true.For λ 6= 0, we reall the blok-determinant formula

det

[
A B

C D

]

= det(A) det(D − CA−1B) (5.65)
= det(D) det(A −BD−1C) (5.66)



132 Chapter 5 Cooperation in Large Dimension Networksand we apply it to the determinant
det

[
In B

A λIm

]

= det(In) det(Im − AB) = det(Im − AB) = χAB(λ)

= det(λIm) det(In − 1

λ
BA) = λm−n det(λIn −BA) = λm−nχBA(λ)(5.67)This yields the desired result (5.64)2. Now we show that AB and BA have the same non-zero eigenvalueswith the same multipliities.Sine C is an algebraially-losed �eld, the harateristi polynomi-als are splitted. Denoting by λ1, . . . , λk the distint non-zero roots of

χAB(λ), by m1, ..., mk > 0 their multipliities in χAB(λ), and m0 ≥ 0the multipliity of 0 as root of χAB(λ) , we an write
χAB(λ) = λm0

k∏

i=1

(λ − λi)
mi (5.68)With similar notations, we an also write

χBA(λ) = λm′
0

k′
∏

i=1

(λ − λ′
i)

m′
i (5.69)Using (5.68) and (5.69) in (5.64), we get the polynomial equality

∀λ ∈ C , λm0+n
k∏

i=1

(λ − λi)
mi = λm′

0+m
k′
∏

i=1

(λ − λ′
i)

m′
i (5.70)and onsequently

m0 + n = m′
0 + m

k = k′

λi = λ′
i and mi = m′

i , ∀i ∈ {1, . . . , k}
(5.71)This means that AB and BA have the same non-zero eigenvalues withthe same multipliities, and that the multipliities of their 0-eigenvaluesare related.



5.A Useful results from Random Matrix Theory and Free Probability Theory1333. Finally, introduing the assumption that AB (and thus BA) has realeigenvalues, we show the relation (5.57) on their S-transforms.Using (5.71), the empirial eigenvalue distributions of AB and BA are
FAB(λ) =

m0

m
u(λ) +

1

m

k∑

i=1

miu(λ − λi)

FBA(λ) =
m′

0

n
u(λ) +

1

n

k∑

i=1

miu(λ − λi)

(5.72)where u(λ) is realled to be the unit-step funtion. Thus, realling
m0 + n = m′

0 + m, we get
FAB(λ) =

n

m
FBA(λ) +

(

1 − n

m

)

u(λ) (5.73)Using (5.73) to ompute their respetive Stieltjes transforms G(s) ,
∫

1
λ−s

dF (λ) leads to
GAB(z) =

n

m
GBA(z) −

(

1 − n

m

) 1

z
(5.74)Sine Υ(s) = −1 − 1

s
G(1

s
), from (5.74), we get
ΥAB(s) =

n

m
ΥBA(s) (5.75)and �nally, using {z = ΥAB(s) = n
m

ΥBA(s)} ⇔ {Υ−1
AB(z) = s =

Υ−1
BA

(
z

n/m

)

} and the de�nition of the S-transform S(z) , z+1
z

Υ−1(z)yields the desired result
SAB(z) =

z + 1

z + n
m

SBA

(
z

n/m

) (5.76)This ends the proof of Lemma 1.
�



134 Chapter 5 Cooperation in Large Dimension NetworksProof of Lemma 3Consider an n× p matrix A with zero-mean i.i.d. entries with variane a
p
. Itan be written A =

√
aX, where X has zero-mean i.i.d. entries with variane

1
p
.De�ne the matries Y = aIn and Z = XXHY = AAH. By noting that theS-transform of Y = aIn is SaI(z) = 1

a
and applying [44, Theorem 1℄, we get

SXXH (z) =
1

(1 + ζz)

SAAH (z) = SZ(z) = SXXH (z)SY(z) =
1

(1 + ζz)

1

a

(5.77)Applying Lemma 1 to SAHA(z) yields
SAHA(z) =

z + 1

z + ζ
SAAH

(
z

ζ

)

=
1

a

1

(z + ζ)
(5.78)This ompletes the proof of Lemma 3.

�

Proof of Lemma 5The proof of Lemma 5 is done by indution on N . For N = 1, Lemma 5obviously holds. Assuming that Lemma 5 holds for N , we now show that italso holds for N + 1.We �rst reall that the eigenvalues of Gramian matries AAH are non-negative. Thus the support of µN+1 is lower-bounded by 0, and we are leftwith showing that it is also upper-bounded.Denoting BN = (
⊗1

i=N Ai)(
⊗1

i=N Ai)
H , we an write

BN+1 = AN+1BNAH
N+1 (5.79)For a matrix A, let λA,max denote its largest eigenvalue. The largest



5.A Useful results from Random Matrix Theory and Free Probability Theory135eigenvalue of BN+1 is given by
λBN+1,max = max

x

xH BN+1 x

xHx

= max
x

xH AN+1BNAH
N+1 x

xHx

= max
x

tr(BN AH
N+1xxHAN+1)

xHx

≤ max
x

∑nN

k=1 λBN
(k) λAH

N+1xxHAN+1
(k)

xHx
, by Lemma 4

≤ max
x

λBN ,max

∑nN

k=1 λAH
N+1xxHAN+1

(k)

xHx

= λBN ,max max
x

tr(AH
N+1xxHAN+1)

xHx

= λBN ,max max
x

xHAN+1A
H
N+1x

xHx

= λBN ,max λAN+1A
H
N+1,max

(5.80)
To simplify notations, we rename the random variables as follows:

X = λBN+1,max Y = λBN ,max Z = λAN+1A
H
N+1,max (5.81)Then (5.80) an be rewritten

X ≤ Y Z (5.82)Let a ≥ 0, by (5.82) we have
FX(a) = Pr{X < a} ≥ Pr{Y Z < a} = FY Z(a) (5.83)whih still holds for the asymptoti distributions as n1, . . . , nN+1 go to in�n-ity, while ni

ni−1
→ ζi. Denoting the plane region Da = {x, y ≥ 0/xy < a}, we
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FY Z(a) =

∫∫

y,z∈Da

fY,Z(y, z)dydz

=

∫∫

y,z∈Da

fY (y)fZ(z)dydz , by independene of Y and Z

=

∫ +∞

y=0

(
∫ a/y

z=0

fZ(z)dz

)

fY (y)dy

=

∫ +∞

y=0

FZ

(
a

y

)

fY (y)dy

(5.84)
By assumption, the distributions of AN+1A

H
N+1 and BN onverge almostsurely to ompatly supported measures. Thus, their largest eigenvalues areasymptotially upper-bounded and the support of the asymptoti distribu-tions of Y and Z are upper-bounded, i.e.

∃cy ≥ 0 suh that ∀y ≥ cy , FY (y) = 1 (fY (y) = 0)

∃cz ≥ 0 suh that ∀z ≥ cz , FZ(z) = 1 (fZ(z) = 0)
(5.85)Let a ≥ cy cz, then for all 0 < y ≤ cy, we have a

y
≥ a

cy
≥ cz and

FZ

(
a
y

)

= 1, as the dimensions go to in�nity with onstant rates. Therefore,in the asymptoti regime, we have
FY Z(a) =

∫ cy

y=0

FZ

(
a

y

)

fY (y)dy

=

∫ cy

y=0

1fY (y)dy = FY (cy) = 1

(5.86)Combining (5.83) and (5.86), we get FX(a) = 1 for a > cy cz. Thus, thereexists a onstant cx suh that 0 ≤ cx ≤ cy cz and ∀x ≥ cx , FX(x) = 1,whih means that the support of the asymptoti distribution of X is upper-bounded. As a onsequene, the support of the asymptoti eigenvalue dis-tribution of BN+1 is also upper-bounded. Therefore, the support of µN+1 isupper-bounded, whih onludes the proof.
�



5.A Useful results from Random Matrix Theory and Free Probability Theory137Proof of Lemma 7The proof of Lemma 7 is done by indution. We �rst prove that Lemma 7holds for i = 1. To that purpose, we de�ne the matrixB = A1Θ1A0A
H
0 ΘH

1 AH
1 .Then

tr(E[A1Θ1A0A
H
0 ΘH

1 AH
1 ]) = tr(E[B]) =

k1∑

j=1

E[bjj ] (5.87)The expetation of the jth diagonal element bjj of matrix B is
E[bjj ] =

∑

k,l,m,n,p

E[a
(1)
jk θ

(1)
kl a

(0)
lma(0)∗

nm θ(1)∗
pn a

(1)∗
jp ]

=
∑

k,l,m

|a(1)
jk |2|a

(0)
lm |2 E[|θ(1)

kl |2]
︸ ︷︷ ︸

σ2
1

, sine E[θ
(1)
kl θ(1)∗

pn ] = σ2
1δk,pδl,n

= σ2
1

∑

k

|a(1)
jk |2

∑

l,m

|a(0)
lm |2

(5.88)
Thus (5.87) beomes

tr(E[B]) = σ2
1

∑

j,k

|a(1)
jk |2

∑

l,m

|a(0)
lm |2 = σ2

1tr(A1A
H
1 )tr(A0A

H
0 ) (5.89)whih shows that Lemma 7 holds for i = 1.Now, assuming that Lemma 7 holds for i − 1, we show that it also holdsfor i. We de�ne the matrix Bi =

⊗1
k=i{AkΘk}A0A

H
0

⊗i
k=1{ΘH

k AH
k }.Then

tr(E[Bi]) = tr(E[AiΘiBi−1Θ
H
i AH

i ])

=

k1∑

j=1

E[b
(i)
jj ]

(5.90)The expetation of the jth diagonal element b
(i)
jj of matrix Bi is

E[b
(i)
jj ] =

∑

k,l,m,n

E[a
(i)
jk θ

(i)
kl b

(i−1)
lm θ(i)∗

nm a
(i)∗
jn ]

=
∑

k,l

|a(i)
jk |2E[b

(i−1)
ll ] E[|θ(i)

kl |2]
︸ ︷︷ ︸

σ2
i

= σ2
i

∑

k

|a(i)
jk |2

∑

l

E[b
(i−1)
ll ]

(5.91)



138 Chapter 5 Cooperation in Large Dimension Networkswhere the seond equality is due to the independene of Θi and Bi−1 and tothe fat that E[θ
(i)
knθ

(i)∗
lm ] = σ2

i δk,pδl,n. Thus (5.90) beomes
tr(E[Bi]) = σ2

i

∑

j,k

|a(i)
jk |2

∑

l

E[b
(i−1)
ll ] = σ2

i tr(AiA
H
i )tr(E[Bi−1])

= σ2
i tr(AiA

H
i )tr(A0A

H
0 )

i−1∏

k=1

σ2
ktr(AkA

H
k ) = tr(A0A

H
0 )

i∏

k=1

σ2
ktr(AkA

H
k )(5.92)whih shows that if Lemma 7 holds for i − 1, then it holds for i.Therefore Lemma 7 holds for any i ≥ 1, whih onludes the proof.

�5.B Proof of Theorem 1In this appendix, after listing the main steps of the proof of Theorem 1, weprovide the detailed proof of eah step. Note that the proof of Theorem 1uses tools from free probability theory introdued in Appendix 5.A.The proof of Theorem 1 goes through four steps as follows:1. Obtain SGNGH
N
(z).2. Use SGNGH

N
(z) to �nd ΥGNGH

N
(z).3. Use ΥGNGH

N
(z) to obtain dI/dη.4. Integrate dI/dη to obtain I itself.

• First Step: obtain SGNGH
N
(z)Theorem 3. As ki, i = 0, . . . , N go to in�nity with the same rate, the S-transform of GNGH

N is given by
SGNGH

N
(z) = SMH

NMN
(z)

N∏

i=1

ρi−1

ai

1

(z + ρi−1)
SMH

i−1Mi−1

(
z

ρi−1

) (5.93)



5.B Proof of Theorem 1 139Proof. The proof is done by indution using Lemmas 1, 3, 2.First, we prove (5.93) for N = 1. Note that
G1G

H
1 = M1Θ1M0M

H
0 ΘH

1 MH
1 (5.94)therefore

SG1G
H
1
(z) = SΘ1M0M

H
0 ΘH

1 MH
1 M1

(z) , by Lemma 1
= SΘ1M0M

H
0 ΘH

1
(z)SMH

1 M1
(z) , by Lemma 2

= z+1

z+
k0
k1

SM0M
H
0 ΘH

1 Θ1

(

z
k0
k1

)

SMH
1 M1

(z) , by Lemma 1
= z+1

z+
k0
k1

SM0M
H
0

(

z
k0
k1

)

SΘH
1 Θ1

(

z
k0
k1

)

SMH
1 M1

(z) , by Lemma 2
= z+1

z+
k0
k1

SM0M
H
0

(

z
k0
k1

)

1
a1

1
z

k0
k1

+
k1
k0

SMH
1 M1

(z) , by Lemma 3
= SMH

1 M1
(z) ρ0

a1

1
z+ρ0

SMH
0 M0

(
z
ρ0

) , by Lemma 1(5.95)Now, we need to prove that if (5.93) holds for N = q, it also holds for
N = q + 1. Note that
Gq+1G

H
q+1 = Mq+1Θq+1MqΘq . . .M1Θ1M0M

H
0 ΘH

1 MH
1 . . .ΘH

q MH
q ΘH

q+1M
H
q+1(5.96)therefore,

SGq+1G
H
q+1

(z) =SMq+1...MH
q+1

(z)

=SΘq+1Mq...MH
q ΘH

q+1M
H
q+1Mq+1

(z) , by Lemma 1 (5.97)The empirial eigenvalue distribution of Wishart matries ΘiΘ
H
i onvergesalmost surely to the Mar£enko-Pastur law whose support is ompat, andby assumption, for i ∈ {0, . . . , N + 1} the empirial eigenvalue distribu-tion of MH

i Mi onverges to an asymptoti distribution with a ompatsupport. Thus, by Lemma 5, the asymptoti eigenvalue distribution of
MqΘq . . .ΘH

q MH
q has a ompat support. Therefore Lemma 2 an be ap-plied to (5.97), leading to:
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SGq+1G

H
q+1

(z) = SΘq+1...ΘH
q+1

(z)SMH
q+1Mq+1

(z) , by Lemma 2
=

z + 1

z + kq

kq+1

SMq...MH
q ΘH

q+1Θq+1

(

z
kq

kq+1

)

SMH
q+1Mq+1

(z) , by Lemma 1
=

z + 1

z + kq

kq+1

SMq...MH
q

(

z
kq

kq+1

)

SΘH
q+1Θq+1

(

z
kq

kq+1

)

SMH
q+1Mq+1

(z) , by Lemma 2
=

z + 1

z + kq

kq+1








SMH
q Mq

(

z
kq

kq+1

)
q
∏

i=1

ki−1

kq

ai

1
z
kq

kq+1

+ ki−1

kq

SMH
i−1Mi−1








(

z
kq

kq+1

)

ki−1

kq















×

1

aq+1

1
kq+1

kq
+ z

kq
kq+1

SMH
q+1Mq+1

(z) , by Lemma 3
=

z + 1

z + kq

kq+1

SMH
q+1Mq+1

(z)

kq

kq+1

aq+1

1

z + 1
SMH

q Mq

(

z
kq

kq+1

)

×

q
∏

i=1

ki−1

kq+1

ai

1

z + ki−1

kq+1

SMH
i−1Mi−1

(

z
ki−1

kq+1

)

=SMH
q+1Mq+1

(z)

q+1
∏

i=1

ki−1

kq+1

ai

1

z + ki−1

kq+1

SMH
i−1Mi−1

(

z
ki−1

kq+1

)

=SMH
q+1Mq+1

(z)

q+1
∏

i=1

ρi−1

ai

1

(z + ρi−1)
SMH

i−1Mi−1

(
z

ρi−1

)

. (5.98)The proof is omplete.
• Seond Step: use SGNGH

N
(z) to �nd ΥGNGH

N
(z)Theorem 4. Let us de�ne aN+1 = 1. We have

sΥN
GNGH

N
(s) =

N∏

i=0

ρi

ai+1
Υ−1

MH
i Mi

(
ΥGNGH

N (s)

ρi

) (5.99)



5.B Proof of Theorem 1 141Proof. From (5.93) it follows that
z

z + 1
SGNGH

N
(z) =

z

z + 1
SMH

NMN
(z)

N∏

i=1

ρi−1

ai

1

z + ρi−1

z
ρi−1

+ 1
z

ρi−1

z
ρi−1

z
ρi−1

+ 1
SMH

i−1Mi−1

(
z

ρi−1

)

.(5.100)Using (5.56) in (5.100), we obtain
Υ−1

GNGH
N
(z) =

1

zN
Υ−1

MH
N MN

(z)
N∏

i=1

ρi−1

ai

Υ−1
MH

i−1Mi−1

(
z

ρi−1

) (5.101)or, equivalently,
Υ−1

GNGH
N
(z) =

1

zN

N∏

i=0

ρi

ai+1

Υ−1
MH

i Mi

(
z

ρi

) (5.102)with the onvention aN+1 = 1. Substituting z = ΥGNGH
N
(s) in (5.102),Equation (5.99) follows. This ompletes the proof.

• Third Step: use ΥGNGH
N
(z) to obtain dI/dηTheorem 5. In the asymptoti regime, as k0, k1, . . . , kN go to in�nity while

ki

kN
→ ρi, i = 0, . . . , N , the derivative of the instantaneous mutual informationis given by

dI∞
dη

=
1

ρ0 ln 2

N∏

i=0

hi (5.103)where h0, h1, . . . , hN are the solutions to the following set of N + 1 equations
N∏

j=0

hj = ρiE

[

hN
i Λi

ρi

ai+1
+ ηhN

i Λi

]

i = 0, . . . , N. (5.104)The expetation in (5.104) is over Λi whose probability distribution funtionis given by FMH
i Mi

(λ) (onvention: aN+1 = 1).
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I =

1

k0
log det(I + ηGNGH

N)

=
1

k0
log

kN∏

i=1

(1 + ηλi(GNGH
N))

=
1

k0

kN∑

i=1

log(1 + ηλi(GNGH
N ))

=
kN

k0

1

kN

kN∑

i=1

log(1 + ηλi(GNGH
N))

=
kN

k0

∫

log(1 + ηλ)dF kN

GNGH
N
(λ)

a.s.→ 1

ρ0

∫

log(1 + ηλ)dFGNGH
N
(λ)

=
1

ρ0 ln 2

∫

ln(1 + ηλ)dFGNGH
N
(λ) (5.105)

where F kN

GNGH
N
(λ) is the (non-asymptoti) empirial eigenvalue distributionof GNGH

N , that onverges almost-surely to the asymptoti empirial eigen-value distribution FGNGH
N
, whose support is ompat. Indeed, the empirialeigenvalue distribution of Wishart matries ΘiΘ

H
i onverges almost surely tothe Mar£enko-Pastur law whose support is ompat, and by assumption, for

i ∈ {0, . . . , N + 1} the empirial eigenvalue distribution of MH
i Mi onvergesto an asymptoti distribution with a ompat support, thus by Lemma 5, theasymptoti eigenvalue distribution of GNGH

N has a ompat support. Thefuntion log is a ontinuous funtion, thus bounded on the ompat sup-port of the asymptoti eigenvalue distribution of GNGH
N , whih enabled theappliation of the bounded onvergene theorem to obtain the almost-sureonvergene in (5.105).Due to (5.105) in the asymptoti regime, the derivative of the mutual



5.B Proof of Theorem 1 143information with respet to η is linked to ΥGNGH
N
(z):

dI∞
dη

=
1

ρ0 ln 2

∫
λ

1 + ηλ
dFGNGH

N
(λ)

=
1

−ρ0η ln 2

∫ −ηλ

1 − (−η)λ
dFGNGH

N
(λ)

=
1

−ρ0η ln 2
ΥGNGH

N
(−η). (5.106)Let us denote

t = ΥGNGH
N
(−η) (5.107)

gi = Υ−1
MH

i Mi

(
t

ρi

)

i = 0, . . . , N (5.108)and, for the sake of simpliity, let α = ρ0 ln 2. From (5.106), we have
t = −ηα

dI∞
dη

(5.109)Substituting s = −η in (5.99) and using (5.107) and (5.108), it follows that
−ηtN =

N∏

i=0

ρi

ai+1

gi. (5.110)Finally, from (5.108) and the very de�nition of Υ in (5.55), we obtain
t = ρi

∫
giλ

1 − giλ
dFMH

i Mi
(λ) i = 0, . . . , N. (5.111)Substituting (5.109) in (5.110) and (5.111) yields

(−η)N+1

(

α
dI

dη

)N

=
N∏

i=0

ρi

ai+1

gi. (5.112)and
−η

(

α
dI∞
dη

)

= ρi

∫
giλ

1 − giλ
dFMH

i Mi
(λ) i = 0, . . . , N. (5.113)
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hi =

(
ρi

ai+1

) 1
N
(

gi

−η

) 1
N (5.114)it follows from (5.112) that

α
dI∞
dη

=

N∏

i=0

hi. (5.115)Using (5.114) and (5.115) in (5.113), we obtain
−η

N∏

j=0

hj = ρi

∫ −ηhN
i

ai+1

ρi
λ

1 − (−η)hN
i

ai+1

ρi
λ

dFMH
i Mi

(λ) i = 0, . . . , N (5.116)or, equivalently,
N∏

j=0

hj = ρi

∫
hN

i λ
ρi

ai+1
+ ηhN

i λ
dFMH

i Mi
(λ)

= ρiE

[

hN
i Λi

ρi

ai+1
+ ηhN

i Λi

]

i = 0, . . . , N. (5.117)This, along with equation (5.115), omplete the proof.
• Fourth Step: integrate dI/dη to obtain I itselfThe fourth step leads to our main Theorem 1 that we brie�y reall here-under.Theorem 6. For the system desribed in setion 5.2, under the assump-tions listed in Theorem 1, as k0, k1, . . . , kN go to in�nity while ki

kN
→ ρi, i =

0, . . . , N the end-to-end instantaneous mutual information per transmit an-tenna I onverges almost surely to
I∞ =

1

ρ0

N∑

i=0

ρiE

[

log

(

1 + η
ai+1

ρi
hN

i Λi

)]

− N
log e

ρ0
η

N∏

i=0

hi (5.118)where h0, h1, . . . , hN are the solutions of the system of N + 1 equations
N∏

j=0

hj = ρiE

[

hN
i Λi

ρi

ai+1
+ ηhN

i Λi

]

i = 0, . . . , N (5.119)and where E is over Λi with probability distribution given by FMH
i Mi

(λ).



5.B Proof of Theorem 1 145Proof. Proof is aomplished by omputing the derivative of I∞ in (5.15)in terms of η and showing that the derivative mathes with (5.103). Thisshows that (5.15) is one primitive funtion of dI∞

dη
. Sine primitive funtionsof dI∞

dη
di�er by a onstant, the onstant was hosen suh that the mutualinformation (5.15) is null when SNR η goes to zero: limη→0 I∞(η) = 0.We now proeed with omputing the derivative of I∞. If (5.15) holds,then we have (reall α = ρ0 ln 2)

αI∞ =
N∑

i=0

ρiE

[

ln

(

1 +
ηai+1

ρi
hN

i Λi

)]

− Nη
N∏

i=0

hi. (5.120)From (5.120) we have
α

dI∞
dη

=

N∑

i=0

ρiE
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Λi

(
hN

i + NηhN−1
i h

′

i

)
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ai+1
(1 + ηai+1

ρi
hN

i Λi)

]

− N
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hi − Nη
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=
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ρiE
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Λih
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i Λi
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+ Nη
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h
′

i
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ρiE
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Λih
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i Λi
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hi − Nη

(
N∑

i=0

h
′

i

hi

N∏

j=0

hj

)

=
N∑
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N∏

j=0

hj + Nη

(
N∑

i=0

h
′

i

hi

N∏

j=0

hj

)

− N
N∏

i=0

hi − Nη

(
N∑

i=0

h
′

i

hi

N∏

j=0

hj

)

=(N + 1)

N∏

j=0

hj − N

N∏

j=0

hj

=

N∏

j=0

hj (5.121)where h
′

i , dhi

dη
and the third line is due to (5.16). Equation (5.103) immedi-ately follows from (5.121). This ompletes the proof.



146 Chapter 5 Cooperation in Large Dimension Networks5.C Proof of Theorem 2In this appendix, we provide the proof of Theorem 2. As in the proofsin [95℄ for the average mutual information in the single-user MIMO ase withovariane knowledge at soure, or in [96℄ for the average mutual informationin the multi-user MIMO ase also with ovariane knowledge at soure, bothwithout relaying, or in [94℄ for the MIMO two-hop relay system with fullCSI at the relay, our proof of Theorem 2 is based on [102, Theorem H.1.h℄realled in Lemma 4. We extend and develop those proofs here to suit theMIMO multi-hop relaying model desribed in Fig. 5.1.The proof for our system goes through three steps that we detail hereafter:
• Step 1: Use the singular value deomposition (SVD) UiDiV

H
i =

Λ
1/2
t,i+1U

H
t,i+1PiUr,iΛ

1/2
r,i and show that unitary matries Ui and Vi im-pat the maximization of the average mutual information through thepower onstraints only, whereas diagonal matries Di play a role bothin mutual information expression and in power onstraints.

• Step 2: Give the expression of the power onstraints in funtion of
Di,Ui,Vi and hannel orrelation matries only.

• Step 3: Show that the diretions minimizing the trae in the poweronstraint for all hoies of singular values of Pi, are the diretionsgiven in Theorem 2.Before detailing eah step, we reall that the maximum average mutualinformation is given by
C , max

{Pi/tr(E[xix
H
i ])≤kiPi}i∈{0,...,N−1}

E
[
log det(IkN

+ η GNGH
N )
] (5.122)

• Step 1: larify how the average mutual information dependson the transmit diretions and the transmit powersFor i ∈ {1, . . . , N} we de�ne
Θ′

i = UH
r,iΘiUt,i (5.123)Sine Θi is zero-mean i.i.d. omplex Gaussian, thus unitarily invariant, and

Ur,i and Ut,i are unitary matries, Θ′
i has the same distribution as Θi.



5.C Proof of Theorem 2 147For i ∈ {0, . . . , N − 1}, we onsider the following singular value deom-position (SVD)
UiDiV

H
i = Λ

1/2
t,i+1U

H
t,i+1PiUr,iΛ

1/2
r,i (5.124)where Ui, Vi are unitary matries, Di is a real diagonal matrix with non-negative diagonal elements ordered in non-inreasing order of amplitude, andthe onvention Cr,0 = Ur,0 = Λ

1/2
r,0 = Ik0 is used.We now rewrite the average mutual information in funtion of matries

Ui, Vi and Di, in order to take the maximization in (5.13) over Ui, Vi and
Di instead of Pi. Using (5.123) and (5.124) the average mutual information
I an be expressed in funtion of matries Θ′

i, Ui, Vi and Di as
I , E

[
log det(IkN

+ η GNGH
N )
]

= E
[

log det(IkN
+ η Ur,NΛ

1/2
r,N Θ′

N UN−1DN−1V
H
N−1 Θ′

N−1 . . .U1D1V
H
1 Θ′

1 U0D0V
H
0

V0D
H
0 UH

0 Θ
′H
1 V1D

H
1 UH

1 . . .Θ
′H
N−1 VN−1D

H
N−1U

H
N−1 Θ

′H
N Λ

1/2
r,NUH

r,N)
](5.125)

Θ′
i being zero-mean i.i.d. omplex Gaussian, multiplying it by unitarymatries does not hange its distribution, thus Θ′′

i = VH
i Θ′

iUi−1 is equal indistribution to Θ′
i and the average mutual information an be rewritten

I = E
[

log det(IkN
+ η Λ

1/2
r,NΘ′′

NDN−1Θ
′′
N−1 . . .D1Θ

′′
1D0

DH
0 Θ

′′H
1 DH

1 . . .Θ
′′H
N−1D

H
N−1Θ

′′H
N Λ

1/2
r,N)
]

= E

[

log det(IkN
+ η Λ

1/2
r,N

1⊗

i=N

{Θ′′
i Di−1}

N⊗

i=1

{DH
i−1Θ

′′H
i } Λ

1/2
r,N)

](5.126)Therefore, the maximum average mutual information an then be written
C = max

Di,Ui,Vi

tr(E[xix
H
i ]) ≤ kiPi

∀i ∈ {0, . . . , N − 1}

E

[

log det(IkN
+ η Λ

1/2
r,N

1⊗

i=N

{Θ′′
i Di−1}

N⊗

i=1

{DH
i−1Θ

′′H
i } Λ

1/2
r,N)

]

(5.127)Expression (5.126) shows that the average mutual information I does notdepend on the matries Ui and Vi, whih determine the transmit diretions



148 Chapter 5 Cooperation in Large Dimension Networksat soure and relays, but only on the singular values ontained in matriesDi.Nevertheless, as shown by (5.127), the maximum average mutual information
C depends on the matries Ui,Vi�and thus on the transmit diretions�through the power onstraints.

• Step 2: give the expression of the power onstraints in fun-tion of Di,Ui,Vi and hannel orrelation matriesWe show hereunder that the average power of transmitted signal xi at
i-th relaying level is given by

tr(E[xix
H
i ]) = aitr(PiCr,iP

H
i )

i−1∏

k=0

ak

kk
tr(Ct,k+1PkCr,kP

H
k ) (5.128)(with the onvention: Cr,0 = Ik0 and a0 = 1).Proof. The average power of transmitted signal xi an be written

tr(E[xix
H
i ]) = tr(E[

1⊗

k=i

{AkΘk}A0A
H
0

i⊗

k=1

{ΘH
k AH

k }])with
Ai = PiC

1/2
r,i

Ak = Mk = C
1/2
t,k+1PkC

1/2
r,k , ∀k ∈ {0, . . . , i − 1}

σ2
k =

ak

kk−1

(5.129)(reall the onvention: Cr,0 = Ik0 and a0 = 1). Applying Lemma 7 to
tr(E{xix

H
i }) yields

tr(E[xix
H
i ]) = tr(Ct,1P0Cr,0P

H
0 )
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5.C Proof of Theorem 2 149Using (5.128) in the power onstraints (5.6), those onstraints an berewritten as a produt of trae-fators:
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where D2

i = DiD
H
i is a real diagonal matrix with non-negative diagonalelements ordered in dereasing order. This leads to the following expressionof the power onstraints in funtion of Ui,Di
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, ∀i ∈ {2, . . . , N − 1} (5.134)Previously in Step 1, it was shown that matries Vi do not have an impat onthe expression of the average mutual information I (5.126), and surprisingly(5.134) now shows that matries Vi do not have an impat on the poweronstraints either, only matries Ui and Di do. It should also be notiedthat matrix Ui has an impat on the power onstraint of the i-th relay only.

• Step 3: give the optimal transmit diretions
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152 Chapter 6 Conlusion and PerspetivesIn this thesis, we investigated physial layer tehniques to improve theperformane in wireless ad ho networks. In Chapter 3, we foused on ad honetworks, in whih wireless nodes do not have advaned ooperative apabil-ities. We �rst highlighted the physial layer fators that an enhane the linkapaity performane in dense ad ho networks. In suh interferene-limitednetworks, the link apaity performane an be improved by using diretiveantennas, exploiting wireless nodes mobility, or managing the position andnumber of relaying nodes. In a �rst part, we foused more preisely on theimpat of antenna diretivity on the throughput and onnetivity of a densenetwork of soure-destination pairs. We proposed a dynami blind beam-forming sheme, that allows to bene�t from antenna diretivity in wirelessad ho networks while avoiding heavy feedbak to trak the position of nodes.With the proposed sheme, the optimization of the network performane wasshown to result from a tradeo� between interferene-redution ahieved byusing narrower transmission beams, and delay-inrease aused by the sues-sive blind orientations of the diretive antenna in several diretions to overits intended destination without knowing its position. We showed that thereexists an optimal beamwidth and number of antenna rotations that maxi-mize the throughput and onnetivity, and that their optimal values dependon the network density. In a seond part, we onsidered a ommuniationsystem where a soure-destination pair ommuniates with the support of adense network of passive relays. We studied the impat of the position andnumber of passive relaying nodes on the link apaity. The apaity of thesystem turned out to saturate when the number of relaying nodes inreased.Indeed, the largest ontributions to apaity resulted from retransmissionsfrom relaying nodes lose to the pair, while ontributions of nodes loated farfrom soure or destination beame more and more negligible as the networksize inreased. A few well loated relays around soure and destination wereshown to lead to better performane than a larger number of relaying nodesuniformly distributed. This work also revealed that if ooperation betweenrelaying nodes was enabled, gains usually obtained in MIMO systems ouldbe exploited.In Chapter 4 and 5, we turned our attention to wireless networks, inwhih relaying nodes had more advaned ooperative apabilities. In Chap-ter 4, we foused on ooperative networks with a small number of nodes,whih represent the building bloks for larger networks. We showed that inlassial ooperative strategies, the wireless resoure is not e�iently used,in partiular due to the orthogonality-onstraint imposed to these strategies.



153We proposed more spetrally e�ient ooperative strategies. The proposedstrategies preserved the pratial half-duplex assumption, but relaxed the or-thogonality onstraint, by allowing a transmitter to ombine messages fromdi�erent origins in a single transmitted signal. The introdution of interfer-ene due to non-orthogonality was mitigated thanks to preoding, in par-tiular to Dirty Paper Coding. Combined with smart power alloation, ourooperation strategies allowed to save time, led to a more e�ient use of thebandwidth, and to an improved throughput with respet to lassial Deodeand Forward strategies.Finally, in Chapter 5, we addressed the issue of the link apaity per-formane in ad ho networks with a inreasing number of ommuniatingpairs. We proposed a ooperative model for ad ho networks, in whih nodesare grouped in ooperative lusters, and transmissions our from a soureluster to a destination luster via multi-hopping through intermediate re-laying lusters. Eah luster was assumed to perform linear preoding onits reeived signal before retransmitting. The proposed model lies betweenthe following two extreme models: on one hand, atual non-ooperative adho networks, whose performane is known to be interferene-limited, andwhose throughput per ommuniating pair vanishes to zero as the density ofthe network inreases; on the other hand, ideal fully-ooperative ad ho net-works, in whih all nodes ooperate perfetly at transmission and reeption,and whose apaity sales linearly with the number of ommuniating pairsas in a point-to-point MIMO system. Under the simplifying assumption thatooperation in the lusters was perfet, and using tools from free probabil-ity theory, we derived the asymptoti end-to-end mutual information of thenetwork when the number of nodes in all lusters grew large. The mutual in-formation per ommuniating pair was shown to onverge to a deterministivalue, depending only on the system harateristis and hannel statistis.We also provided the optimal struture of the linear preoding performed ateah luster to maximize the system apaity: we showed that the singularvetors of the optimal preoding matries should be aligned to the eigenve-tors of hannel orrelation matries. Finally, we applied the aforementionedresults to several ommuniation senarios, with di�erent numbers of hops,and di�erent hannel orrelation models. These examples allowed to illus-trate the performane gains resulting from the ooperative-luster approahin ad ho networks.To onlude, we might say that the physial layer ooperative approahis a sound approah to improve the link apaity in dense wireless ad ho



154 Chapter 6 Conlusion and Perspetivesnetworks, as long as the ooperative strategies are properly designed to makean e�ient use of the wireless resoure.Future Researh PerspetivesWe present here several areas and open issues that require further re-searh.First, the physial layer fators and tehniques presented in Chapter 3may not be the only ones that an improve the link apaity performanein dense wireless ad ho networks by reduing interferene. Indeed, Timereversal (TR) has been studied for quite a long time as a method to fousan ultrasoni wave both in time and spae, and reent works started onsid-ering TR in wireless ommuniations systems, in partiular for Ultra WideBand (UWB) appliations. TR fousing apability in dense ad ho networksould be used to mitigate interferene and thus improve the link apaityperformane.Seond, most works on ooperative networks mentioned in Chapters 4and 5 were designed for and analyzed in the high SNR regime. Very fewworks targeted the low SNR regime of relaying networks. In the widebandregime, alternatively named low SNR regime sine the power is shared overa large number of degrees of freedom, the performane is not interferene-limited, but energy-limited. Taking advantage from the physial ombinationof signals in the wireless link, analog network oding appears as a relevantapproah in the low SNR regime. Analog network oding ould outperformother approahes, inluding ognitive radio, whose e�orts are targeted atavoiding interferene.Finally, the analysis of the link apaity in a dense ooperative ad honetwork presented in Chapter 5 relied on the simplifying assumption of per-fet ooperation within ooperative lusters. Further researh is neessaryto remove this simplifying assumption, and to take into aount the ostof luster ooperation on the network performane, in partiular in termsof hannel knowledge and feedbak. Moreover, a partiular topology wasonsidered: soures and destinations ould be gathered in single soure anddestination lusters respetively. A more omplete analysis would providethe apaity in the ase of more general network topologies.
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