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Abstract—  SINR duality is shown in a multi-input single-
output (MISO) interference channel (IFC) and its dual SIMO
with linear transmit (Tx) beamformers (BF). While uplink (U L)
downlink (DL) duality for the SINR balancing (max min SINR)
beamforming problem under the sum power constraint is well-
established between the Broadcast channel (BC) and its (easto
solve) UL Multiple Access (MAC) dual channel, such duality @es
not at first seem relevant for the IFC. We show that SINR duality
under the sum power constraint nevertheless holds in the MI®
IFC leading to BF design through similar considerations as lie
BC-MAC case. We next impose further per-Tx power constraing
meaningful for the IFC structure and show continued existerce
of SINR duality in the MISO IFC and the corresponding UL
SIMO dual channel, but this time with a different UL noise. The
beamformers, Tx powers and noise variances are found throug
an iterative algorithm.

|. INTRODUCTION

In modern cellular systems a frequency reuse factor of 1
used to increase the spectral efficiency. The throughputaf s
systems are seriously affected by the inter-cell interfeegthat
is commonly identified as the major bottleneck of mode

the SINR balancing problem for an IFC with general power
constraints. To solve these problem we extend the Uplink
(UL) Downlink (DL) duality to the MISO IFC. The power
minimization problem has been extensively studied for the
BC case in [3] and [4]. There is one fundamental difference
between linear BF design and power allocation problems in
BC and IFC, namely there are individual power constraints in
the latter as opposed to a total power constraint in the forme
Minimizing total Tx power in the IFC still makes sense for
example in green wireless communication systems.

We initially focus on the duality regime in the MISO-SIMO
IFC in order to identify if any structure similar to UL-DL
duality of the BC exists in this case. Zero-forcing dualityda
the more specific interference alignment duality are knoovn t
hold in theK-user IFC [5] [6]. In this work, we show that UL-
IIDL SINR duality holds for the MISO IFC. We also show that
irﬁerestingly, the mechanics of this duality are quite &mi
to the UL-DL duality in the BC setting. This observation
allows beamformer design in the MISO IFC using the same

rtnechniques as the ones well-known in the BC channel.

wireless communication systems. This has led the major

standardization bodies to include interference managemen

strategies in modern wireless communication systems.

In the scientific community the problem of inter-cell inter-
ference is mathematically described as a interferencengtan

II. GENERAL IFC SIGNAL MODEL
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where K pairs of users want to communicate between each
other without exchanging information with the non intended
receivers.

In this paper we focus on UL-DL duality in a Multiple
Input Single Output (MISO) interference channel and how to
use this framework to solve the beamformer design problem. i
UL-DL duality is a well-established tool for the study of 2) MISO DL
the traditional Broadcast (BC) channel [1], for example it Fig. 1: System Model
is used recently [2] [3] to solve the BC beamforming and Fig. 1 depicts aK-user MISO IFC with K transmitter-
power allocation problem. Using this duality, the BF desidn receiver pairs. Thé-th Base Station (BS) is equipped wil;,
in the virtual (dual) uplink mode can be used in the agransmitter antennas aridth mobile station (MS) is a single
tual downlink problem to achieve the same SINR values &htenna node. Thé-th transmitter generates interference at
choosing appropriate downlink power allocations. Inigiale gl | £  receivers. Assuming the communication channel to

consider the power minimization problem in the IFC imposinge frequency-flat, the received signal at the k-th receiver,
a set of quality of service (QoS) constraints then we descrifan be represented as

b) SIMO UL
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mit signal vector of thek-th transmitter andn, represents is possible to rewrite that constraints as:

(temporally white) AWGN with zero mean and varianeg. dq+o0=D"lq (8)

Each entry of the channel matrix is a complex random variabghereD is defined as in (5)g = [q1,...,qx]T and

drawn from a continuous distribution. It is assumed thaheac . gfhfh,g, i

transmitter has complete knowledge of all channel vectors. [®]:; = { 0 = i=i 9)
We denote byg,, the CM+*! precoding matrix of the e power vector can be ’found as:

k-th transmitter. Thus, = g,s., wheres, represents the q= (D! ‘i))—lo_ (10)

independent symbol for the-th user pair. We assumsg, to
have a temporally white Gaussian distribution with zero me
and unit variance. In the SIMO UL channel theh BS applies
a receiverf, to suppress interference and retrieve its desir
symbol. The output of such a receive filter is then given byb

Comparing the definition in (4) and (9), we can see that
a<i> = ®7'. This implies that there exists a duality relationship
eIo&tween the DL MISO and UL SIMO interference channels.
It is also interesting to note that there is a strong parallel
etween the equations reported above to show the duality in

K

7 = R85, +kaﬁkl§l + .7, the MISO interference channel and the ones used to prove
= duality in a BC-MAC in [2]. Observing that it is possible to
Ik extend the results obtained for the UL-DL duality in the BC-

where we denoted witfl) all the quantities that appear in theyyac to the IFC under a sum power constraint.
UL in order to differentiate with the same quantities in the A gat of SINRsy1, . .., vx is feasible whenever there exists

DL. a positive power allocation such that (3) for the DL ((8) for
the UL) is fulfilled. In [2] the following is proved for the
BC-MAC duality but it is also valid for the IFC:

Targetsyy, .. ., vx are jointly feasible in UL and DL if and

In this section we will derive UL-DL duality for a MISO only if the spectral radiug of the weighted coupling matrix
IFC under a total power constraint. To simplify the follogin satisfiesp(D®) < 1.

analysis henceforth we assume that each receiver is chara@ecausep(D®) = p(D®7) target SINRs are feasible in

terized by the same noise variance,gp= o, Vk and the the UL if and only if the same targets are feasible in the DL.

beamforming vectorg,, vk are unit norm. The received signalthe power allocation vectors that satisfy that constratats
for the MISO DL IFC at thek-th mobile station is written in pe found using (6), for the DL, and (10), for the UL.

Il1. UL-DL DUALITY IN MISO/SIMO INTERFERENCE
CHANNEL UNDER SUM POWER CONSTRAINT

(1) and the corresponding SINR is defined as: In addition the total required UL poweg,; = 5, ¢; is the
SINRPL = POt hih ik gy () sameas the DL power,,, = ), p;, this can be simply shown
> 1n P9 NG, + 02 as follows: . ,
wherep;, is the TX power at the BS for the stream intended Y= 1g=0l"(D7'—®")" "1 (11)
to the k-th user. Imposing a set of DL SINR constraints at =" (D' -®)'1=3, ps
each mobile stationSINRPL = ~; it is possible to rewrite According to the relationship (11) it is possible to statatth
equation (2) in matrix notation: both UL and DL have the same SINR feasible region under
dp+o=D""'p (3) the same sum-power constraint, i.e., target SINRs arebleasi

where the two matrice® and D are defined in (4) and (5) in the DL if and only if the same targets are feasible in the
p=p1,...,px]T ando = 021 are two vectors that contain -

all the TX powers and and the noise variances respectiSIzerl.JS'ng the results obtained before it is possible to extemdeso

is a column vector of dimensiorfs x 1 that contains all ones. beamforming design techniques that use the BC-MAC duality

@, — { gfhghijgj, A @ to the beamforming design for a MISO IFC.
1y — : L

5 0, ];Z IV. UL-DL DUALITY IN MISO/SIMO INTERFERENCE
D = diag{ . . X }. (5) CHANNEL UNDER PERUSERPOWER CONSTRAINT

gfhlh,g," " gfhl e,

In the MISO interference channel if the problem of BF
We can determine the TX power solving (3) w.ptobtaining: ! I P

design is formulated under the sum power constraint we

p=(D" - @) lo (6) have shown that there exist an UL-DL duality in this kind
Now we analyze the SINR in the 5||V|OH UL IFC. Due toof channels that can be used to solve the problem. Even
channel reciprocity we have that, = h; Vk,l and the though the sum power constraint is analytically attracsiveh

receiver filter in the lgll- is the reciprocal of the transmittegonstraint is not enough in a practical interference chiatme
filter of the DL f, = g,’, Vk. The SINR for the UL channel reality each user is subject to a per user power constrant th

can be written as: _— the transmit power can not violate. For this reason in this
SINRUL = @k 9r NNk G @) section we will introduce an alternative BF design problem
ng(Z#k ahfihg, + a?1)g, that still minimizes the total Tx power but imposing also per

whereg;, represent the Tx power from theth MS. Imposing user power constraints. Here we will introduce a differebt U
a set of SINR constraints also in the UBINRYZ = ~, it DL relation for the MISO IFC based on Lagrangian duality



[7] that was previously introduced for the BC channel in [4]. The Lagrange dual of the DL beamforming problem (12)
During the definition of the final version of this paper th&€an be rewritten as an equivalent UL optimization problem fo
authors came across an independent work [8], where a simifa¢ Rx filter: . -
problem has been studied but the possibility of having seru 9 = (Z Athighue 4 nel) ™ " hig,

. . I#k
power constraints has not been taken into account. in which the Tx power\,, and the noise powef, = 1 + /i

For the rest of the paper we assume that the SINR COjre to be optimized. In the UL problem, in (18), each user
straints are such that there exist at least a feasible soltti transmits with power\,, Vk, and the value of the dual UL

17

the problem. The problem now E)Iecomes: noise at the receiver is representedrpy Vk:
ml% > k=19 9k max S AkoE = K e Pe
I]-I """ K Alseens AR MLy '[fK’ " B
s.t. g, ngS Pe, k=1,... K (12) SINRUL — Akgghkkhkkgk <y k=1,...,K
SINREL: ngthkkgk >"Yk' E=1.. K k QkH(ZZ#AzhﬁhWrnkl)gk - ’ ) 5
Zz;ﬁkg{{thLhklglJrU%i ' ’ ' A >20; k=1,..., K
where P;, represents the maximum Tx power for ugefThe e 203 k=1,... K
Lagrangian of the optimization problem reported above is: (18)
Ko K . At the optimum the SINR constraints in the UL and the
L, pi,9)=> 019, + Y milgl'g, — P DL problems must be satisfied with equality. Using this
x =1 =1 (13) relationship it is possible to derive the DL BF from the UL
+Z Ai[—i_gflhffhiigi + Z o’ hfihaug, + o) receiver filter. Because a scaling fa_ct_or in th_e receiverfit
i=1 i I#i the BS does not affect the SINR it is possible to show that
where), represents the Lagrange multiplier of the¢h SINR  the optimal DL BFs are given by:
constraint anduy, is the Lagrange multiplier associated to the 0, = VPrOs (19)
TX power constraint at user. wherepy, is such that the SINRs in the DL are satisfied with

The Lagrange dual of original DL problem (12) can b

stated as follows: Bquality so:

-1 -1
ALy AK T R E
st— 2Ehihe > A+ (1+m)l =05 k=1,..., K where matrice® and® are defined in (5) and (4) respectively.
Ik
M >0, k=1,...,.K V. DESIGNALGORITHM

>0 k=1,...,K . . . .
Hk = T (14) In this section we report two numerical algorithms to solve

Because strong duality holds between the original problgi Problem of optimal downlink beamformer design with per
(12) and its dual (14) the optimal solution of the dual prable US€r power constraints. The first algorithm, Table 1, is an
is also optimal for the original one. The proof that the
duality gap is zero between the two optimization problenfygorithm 1 Beamformer Design via UL-DL duality
is essentially based on converting the non convex original|iaize: j — 0, /\](Co) 1 Vk=1,.. . K, M](go) = 1.Vk =
problem into a convex problem like in [4]. K
~ Proof: We first observe that a phase rotation to the op- répea;t
timal beamforming vectors,g,e’* }_ || does not influence

the SINRs values. Therefore we can choose the phase rotation i=i+1 , . '
such thath,,g,, is real. The SINR constraints in (12) can be ~ Tork =1,.... K find the UL receiver filter as

. K
rewritten as: G im i1y —
1 K gi):(z/\z( l)hﬁchm“'ﬁ;ﬂ Y7
1+ —)g’hi > Hnlh, .0 + o? ) &
1+ Vi )0 ichik g, = ; G i, + o and determme\fﬁ as:
) fl0H /\(Fl)hH.h 4 (li71)| 5
2 kkVlkkd
where the compound channel matrix for tlketh user is ; i f (@) |ai
defined a#;, = [hx1, ..., hyx] and the block diagonal matrix Determine the o!otlr?i?l DL_BE:]’“ (i)usmg ((11-?) _
G contains thek-th beamformer in the:-th diagonal block. Update the matritM ™ = diag{y,", ..., py } using the
Due to the phase rotation introduced before we take the squar  subgradient projection method with step sizé
root of both terms in the inequation above and we can rewrite M@ =MD 4 DQ) (21)
the original problem (12) as: where
. K H R ) ) ) )
g, "y k=1 9 O Q" = diag{g\""g\",...,9" g} — diag{Py,..., Px}
st. 99, <Py k=1,....K (16) until convergence

A1+ %hkkgk > ||HkG O’k”; k= 17.. .,K.
The modified SINR constraint becomes a second-order catexative algorithm that solves the dual UL problem (18)eTh
programming constraint that is convex. The modified optamizsecond algorithm that we propose solves the Lagrange dual
tion problem (16) now is a convex problem and is equivaleptoblem (14) using the the off-the-shelf optimization peg

to problem (12). m [9]



VI. MAX-MIN SINRIN THE MISO IFC WITH GENERIC where[x;], = wzknggk andwy, = ¢/ P
POWERCONSTRAINTS A. Power allocation optimization
_ . . . _The optimum of problem (23) and the corresponding power
In this section we consider a MISO IFC where each receiv : : :
has a fixed target SINR;.¥i — 1.....K and each TX &fliocation vector can be found solving an eigenvalue prable

has a general power constraint to satisfy. In order to yatighS explained before, at the optimum all the weighted SINRs
simultaneously all the SINR thresholds we need to determiage equal. Denoting with the optimal value, using the matrix
the power allocation vector and the TX beamformers to maietation introduced in section Il we can write:

imize the minimum of the weighted SINRs. The optimization 1
problem reads: —p=D2p+Do (24)
max _ min VB where nowD = diag{vyi,...,vx}. Assuming now that the
R (22)  j_th power constraint is the only one satisfied with equalit

st Ip<P, Vi=1,....K J—th power . y one . quality
T - and multiplying both sides of the previous equauonxffywe

where vectorc;, = [¢1, ..., cikx] represent a general power ot :

constraint for uset (e.g. a per user power constraint becomes™ 1 . .

¢/ =€) andp = [p1,...,px]". This problem, under a sum — =x;D®p+Xx; Do (25)

power constraint, was already discussed in [10].The o;htirr]at ducina th d matrix:
solution of this problem leads to a situation where all thé'troducing the compound matrix.

. . . . D& Do
weighted SINRs are equal, for this reason this problem  als A= .T5¢ x'Do
called SINR Balancing. In addition we can also state thdtet t ! ’

. o i . . and the extended vect@= [p 1]7, using the results from
optimum only one power constraint is satisfied with equalit he nonnegative matrix framework [11] the solution of the
This is clear at two extremal SNR points. In very low SN

. . . i hgwer optimization problem (23), where only theth power
regime the optimal transmission strategy for each user is 10 o e . T ] 1
nstraint is satisfied with equality is given by

maximize the useful signal part, hence matched filters (Mgid the power vector is the corresponding positive éaim%At))vec
to the direct link channel is used at each TX. In this case P P gp g

the user with the worse direct link channel transmits with quIth the (K +1)—th entry normalized to one. This approach

. ) : : at allows to extend the known result from SIR balancing
power. A similar reasoning can be applied to the high SN o . . .
) . . : NR balancing is calle8ordering Methodit was introduced
regime where zero-forcing (ZF) transmitters are optimal. |

this case the user with the worse direct channel will TX akilty [1.1] and then used n [3.]' A different approach is to
. ; . consider a rank one modification of the matb® that leads
full power. We conjecture that this reasoning can be exténdg : ) !
. 0 the same solution. In particular the fact the ower
to all SNR points 10 th lut I ticular the fact the jheth

. . . ) ____constraint is activex! p = 1 allows us to write the following:
In this problem it is possible to show that different optlma? tP . g
points may exist. Consider the system where all the users can —p = (D® + Dox; )p. (27)

. . . . T
ZF the interference to the non intended receivers. In thé& CaAlso in this case the solution of the problem is given by the
the users that are not constrained in TX power can incre iti i = 1 i
p gsssitive eigenvalue %o (D37 DoXT) and the associated

their power from the level that equate all the SINRS to thefiive eigenvector is the optimal power vector. At thisnpo

maximum TX power because this will not affect the oth€l 4 estion arises: Which power constraint is the only one

SINR values. Now since the TX power can vary also the BEisfied with equality? It is possible to show that the only
of the correspondent user can vary. In the SISO case the POYEIsible constraint is given by— arg maxx, Amas (B), where
distribution that solves the SINR balancing problem is uriq B can be the rank 1 modified matrix or rlnatrix in (26)

with one user transmitting at full power, but in the MISO '

case the variability of the solution increases and hencerakv B. Beamfo_rmer (_)ptimization. . I
Before discussing how to find the optimal BF vectors it is

optimal points may exist. This reasoning can be also extndgportant to introduce also for this problem an equivalarsld
from the MISO to the MIMO case. UL problem. Fixing thej—th power constraink; in the DL

The optimization problem (22) consider in this section igroblem to be active it is possible to define a dual UL SINR

very similar to the SINR balancing problem solved in [3]°f the form: e <H A
; (SINRYTL 220 Nikhir Gy

where now among all the power constraints only one is k- _ Yk .
active. Hence the global optimum can be efficiently found by 7% ng(ZL;ék ahfihy +w;ix)d,
alternating minimization: fixing the BF vectors we solve.t.r With this observation it is possible to obtain a dual UL SINR
the power allocation then assuming fixed the powers we soR@lancing problem where now the dual power constraint is:
for the BFs. Not all details are reported here due to lack 6F d = X; P. Normalizing the noise vector as = ;75
space. the UL power allocation vector can be found using the same

Before introducing the two steps procedure we rewrii@ethod of the DL problem in the previous section. For fixed
problem (22) in an equivalent form adding an addition®p yectors the solution of the UL SINR balancing problem is

(26)

k=1,...,K (28)

constrain on the BF that modifies also the power constraints; 1 :
e iy SINE, UL = 35— Der3 DNy and the dual power vector is the
Oy O Ph=1 0k Tk corresponding positive eigenvector.
st. gfhfihug, =1, Vk=1,...,K (23) Once we fix the original DL powerp we can optimize

xip<1, Vi=1,...,K w.r.t. the BF vectors. The optimization problem now becoames



Convergence behaviour
T T

mingg, } Amaz(B), WhereB = D® + Dox!, where we have
imposed that the—th power constraint is active. This problem
can be solved extending the solution proposed in [10] to our
case. In particular now the problem reads as:
. T
fga oe
ngthkhkkgk =1, Vk:L...7K (29)
xI'p=1

where q is the correspondent optimal UL power vector.
Because we want to solve a cost function that is quadratic
in the optimization variables under quadratic constrathts
expression of the BF that solves the problem above is given
a maximum generalized eigenvector solution. In partictiar
optimal BF vector is given by:

A , H \ i |
g k 5 10 15 20 25 30

Oy = —F/— (30) Number of lterations
V ngthkhkkgk

Fig. 2: NRMSE forK =3, M =3
where g, Vya. (hi hy, > itk hihy.q + wail). For the fact
that we are working with rank one channel this solution caan IFC, the advantage of duality is that the beamformer desig
be expressed as an MMSE like expression: problem is simplified in the dual UL SIMO IFC because it now
O, = [Z hikhua + werl] hik, corresponds to a receiver design problem. We also show that
Ik the underlying mechanics of this duality regime are similar

Finally the only problem left is related to define whichy the UL-DL duality in the BC setting. This observation
power constraint is satisfied with equality in this phasehef t 5 ovs beamformer design in the MISO IFC using the same

optimization procedure. What we propose here is to solwe, ft%chniques as the ones well-known in the BC channel.

fixed DI__ powers, w.r.t. the_BF vectors trying all th_e_consntai In addition we have shown that introducing the more
one at time and check which one leads to the minimum valygjisic per-user power constraint in the interferencencte! it

of Amaz(B), and that satisfy the remaining power constrain{g gl possible to define a dual UL problem where another set

s.t.

(1

with inequality. The SINR balancing problem and the pow&St ontimization variables appears. These quantities nay pl
minimization in section 1V are very closely related to eacle role of dual noise variances that need to be optimized.

other. In particular the SINR balancing problem can tell us
if the SINR constraints imposed in the power minimization
problem are feasible or not. In case of positive answer, dené!
T > 1, there is room to minimize the total Tx power. Otherwise

a feasible solution does not exist. [2]

VIlI. NUMERICAL RESULTS [3]

In this section we present some numerical results in which
we study the convergence behaviour of the proposed iterativ
algorithm for the power minimization problem. In particula [4]
we present the Normalized Root Mean Square Error (NRMSE)
between the Euclidean norm of the beamformer found usi[?{g
the iterative algorithm and the Euclidean norm of the bea ]
former obtained using the interior point method. In Fig. 2 is
plotted the NRMSE, defined by the following expression

VESYSE (160 )l — g (m)l)?
VE SN SE (g (n)])?

WhereHgEj) (n)]|2 represents the Euclidean norm of the DL BFL7]
determined using the iterative algorithm at iteratighfor the g
n-th Monte Carlo run andj; (n) is the DL BF obtained using
the interior point method. The considered system is given beé]
interference channel witltk' = 3 users withM = 3 Tx
antennas each. The target SINR are = 10, Vk, and the [10]
noise variance is equal @’ = —20dB.

(6]
NRMSE =

VIIl. CONCLUSIONS [11]

In this paper we have shown that the concept of uplink-
downlink duality holds in the IFC in the form of a MISO-
SIMO SINR duality. In particular the dual of an IFC is still
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